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THE GROTHENDIECK GROUPS AND STABLE EQUIVALENCES OF MESH 

ALGEBRAS 

SOTA ASAI 


Abstract. We deal with the finite-dimensional mesh algebras given by stable translation quivers. These 
algebras are self-injective, and thus the stable categories have a structure of triangulated categories. Our main 
result determines the Grothendieck groups of these stable categories. As an application, we give an complete 
classification of the mesh algebras up to stable equivalences. 
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1. Introduction 

Let A be a field and T be a finite-dimensional A-algebra. The representation theory of finite-dimensional K- 
algebras investigates the category of finite-dimensional modules modR. One of the useful methods is studying 
relationships between two finite-dimensional algebras Ai and A 2 . 

First, there is an important relationship called derived equivalence, that is, the bounded derived categories 
U'^(modyli) and U'^(modyl 2 ) are equivalent as triangulated categories. Rickard characterized derived equiva¬ 
lence in terms of tilting complexes [Ric2) . A typical example of derived equivalences is given by reflections of 
quivers [Haplj . Derived equivalences have been actively studied, see [AHKI |Hii2l iHJRl IK^ , and references 
therein. 

In the rest, we assume that A is self-injective. Then the category modT becomes a Frobenius category, and 
thus the stable module category modT has a structure of a triangulated category with its shift [1]: modT ^ 
mod A defined by taking cosyzygies (see |Hap2| ). For two self-injective finite-dimensional algebras Ai,A 2 , an 
important relationship is a stable equivalence, that is, mod Ti = mod A 9 as triangulated categories. Rickard 
showed that mod A = U'^(modyl)/A^(proj T) as triangulated categories, and that derived equivalent self- 
injective algebras are stable equivalent in [Rid) . 

In this paper, we deal with a certain class of finite-dimensional self-injective algebras called mesh algebras 
(categories) introduced by Riedtmann associated with translation quivers. The Auslander-Reiten quivers (AR 
quivers) of module categories or derived categories are important examples, and after Riedtmann, it is known 
that many important categories are recovered from their AR quivers as mesh categories. For example, if Q is 
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a Dynkin quiver and KQ is its path algebra, it is shown that the bounded derived category D'°{'mo(iKQ) is 
equivalent to the mesh category of the AR quiver ZQ |Hap2| . 

It is known that ZQ is locally bounded if and only if Q is a Dynkin quiver |Rie| . and in this case, ZQ does 
not depend on the orientation of arrows up to isomorphisms. We write ZA instead of ZQ if A is the underlying 
Dynkin graph of Q. Considering an “admissible” automorphism p G Auttr ZA^ the mesh algebra of ZA/(p) is 
a finite-dimensional A'-algebra. 

In this paper, we consider the mesh algebra of a stable translation quiver, that is, a translation quivers such 
that the translation is a bijection on the vertices. A stable translation quiver which has the finite-dimensional 
mesh algebra is the form of ZAjl^p), see |Dug[ IRie) . In this case, the mesh algebra is self-injective. More 
explicitly, these are all stable translation quivers with finite-dimensional mesh algebras. 


type 

quiver 

type 

quiver 

I 

ZAJ(t^) 

II 

ZAJ(T^f,) (ni2Z) 

III 

ZAJ(t'^p) (n G 2Z) 

IV 

ZDJ(t^) 

V 

ZDj(T^i,) 

VI 

ZD^/(t^x) 

VII 

ZEg/(T^) 

VIII 

ZEg/(T^f,) 

IX 

ZEr/(T^) 

X 

ZE^/(t^) 


The symbol r denotes the translation of ZA and 'ip,p,x are automorphisms satisfying = id, ip'^ = 

= id (see Section 2 for the detail). For example, the preprojective algebras of Dynkin type are included in 
the list above as the mesh algebra of ZAjlr). 

Our main result is to determine the Grothendieck groups of the stable module categories of these mesh 
algebras. The Grothendieck group is an important invariant of triangulated categories. For a finite-dimensional 
algebra A, the Grothendieck group of the bounded derived category. Kg (mod A)), is a free abelian group with 
its basis given by the nonisomorphic simple A-modules. On the other hand, if A is self-injective, the Grothendieck 
group of the stable module category, ATnf mod A), is isomorphic to the quotient Ko(D'^(modA))/H, where H 
is the subgroup generated by the projective A-modules. Using this description, we proved the following main 
result of this paper, which will be shown in Section 3. 

Theorem 1.1. Let Q = ZAj(p) be a stable translation quiver whose mesh algebra A is finite-dimensional, and 
c be the Coxeter number of A, and put d = gcd(c, 2k — l)/2 if ZA/(p) = ZA^j(r^p) (i-e. Q is type III) and 
d = gcd(c, k) otherwise, and r = c/d. Then we have 

Ko(mgdA) = © {Z/2Zf © H, 

where a,b,H are given in Table\^ 

The key ingredient of the proof is a well-known property of mesh algebras, i.e. the simple modules are closed 
under taking 3rd cosyzygies (cf. [ARl |Du^ ), see Proposition 13.31 As an application of this result, we give a 
complete classification of the mesh algebras up to stable equivalences in the case K is algebraically closed. 

Theorem 1.2. Assume that K is an algebraically closed field. Let Q = ZA/(p), Q' = ZA'/{p') be stable 
translation quivers whose mesh algebras A, A' are finite-dimensional. 

(1) If A and A' are stable equivalent, then we have either A = Ai = A' or Q = Q' as translation quivers. 

(2) If A and A' are derived equivalent, then we have Q = Q' as translation quivers. 

This theorem says that finite-dimensional mesh algebras are stable equivalent (or derived equivalent) only 
for trivial cases. To prove Theorem 11.21 we compare the Grothendieck groups given in Theorem 11.11 and also 
the following invariants under stable equivalences of mesh algebras. 

As it is well-known, the functor [—2] o S commutes with stable equivalences up to functorial isomorphisms, 
where S is the Serre functor of mod A. Thus we can use the order of [—2] o S' as an invariant under stable 
equivalences, and actually, this coincide with the order of the functor t, : mod A mod A induced from the 
translation r G Auttr Q in most cases, see Proposition |4Al 

We also use the invariant given as the number of nonisomorphic indecomposable direct summands of a 
([—2] o S)-stable cluster-tilting object (or more generally, maximal ([—2] o S)-stable rigid object) in the stable 
module category mod A. We generalize the method of [BIRS] . which gives a construction of cluster-tilting 
objects for a preprojective algebra by reduced expressions of the longest element of the Goxeter group. These 
invariants are given in Theorems 14.Ill and 14.121 Especially, for a finite-dimensional mesh algebra A, the stable 
module category mod A has ([—2] o S)-stable cluster tilting objects if and only if A is not type III, see Gorollary 
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type quiver condition 

a b H 

1 ZAnjlr^) r G 2Z 

ri^Z 

(nd-‘id + 2)/2 d-l 

\nd-2dY2)/2 

ZAnlir'^-ip) r G 4Z 

r G 2 -1- 4Z 
r i2Z 

{nd-3d)/2 d-l Z/4Z 

nd — 2d + 1 

{nd — d)/A 

za„/(tV) 

nd — 2d-\-1 

ZDn/ir^) fc G 2Z, r G 2Z 

k G 2Z, r ^ 2Z 
k ^ 2Z, r € 4:Z 
k^2Z,r^4Z 

d-l nd — 3d ZjrZ 

(nd — d — 2)/2 ZjrZ 

d nd — 3d 

nd — d — 1 

“V fc G 2Z, r G 4Z 

k G 2Z, r €2 +AZ 
k G 2Z, r ^2Z 
ki2Z 

d nd — 3d 

nd — d — 1 

{nd — 2d)/2 

d-l nd — 3d ZjrZ 

ZDil{T'^x) k&2Z 
ki2Z 

4 

4 

~Tfl ZEelir’^) d= 1,3 

d=2,6 
d= 4,12 

d+1 J+i {zj^zf-^ 

(3d-k2)/2 {3d A 2) 12 

(9fi-f 12)/4 

VIII ZEgKt'^iP) d= 1,3 
d = 2,6 
d = 4,12 

2 d d+1 

{9d + 6)/2 

{3d + A)/2 

ZEtUt^) 

d= 3,9 
d = 2 
d= 6,18 

6 

6 d + 2 

6 Z/3Z 

3d+ 2 

ZEsKt'^) d= 1,3,5 

d= 15 
d= 2,6,10 
d= 30 

8d 

112 

4d 

112 


Table 1 . The Grothendieck groups of the stable module categories 


The last invariant is the order of the shift [1]: modvl —>■ modvl determined by Andreu Juan and Saorin in 
m, which is given in Proposition 15.51 

Using these invariants, we give a proof of Theorem 11.21 in Section 5. 

1.1. Conventions. In this paper, AT is a field. 

The term “Dynkin diagrams” mean “simply-laced Dynkin diagrams”. An, Dn, Eq, Es- 

We denote by r the translation of a stable translation quiver. Note that we do not consider the Auslander- 
Reiten translation of the corresponding mesh algebra in this paper. 

If f: X ^ Y and g-.Y^Z are maps, the composition of these two maps are denoted by g/: X Z. 

For a finite-dimensional algebra A, mod A denotes the category of finite-dimensional right A-modules and 
proj A denotes the category of finite-dimensional projective right A-modules. We denote by mod A the stable 
module category modA/proj A, and it has a structure of a triangulated category if A is self-injective. 

For a quiver Q, the set of its vertices is denoted by Qq, and the set of its arrows is denoted by Qi- We 
denote by KQ the path algebra of Q. We put A = KQ/I, where / is an admissible ideal. We denote by the 
idempotent in A corresponding the vertex i G Qq, by Pi = e^A the indecomposable projective A-module, and 
by Si = eiA/(eiradA) the simple A-module. Here, rad A is the Jacobson radical. 

2. Preliminary 

In this section, we recall some properties of Grothendieck groups and mesh algebras, and define the quivers 
giving finite-dimensional mesh algebras. 
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2.1. Grothendieck groups. For a triangulated category T, the Grothendieck group Kq{T) is an abelian group 
defined as follows. 

Definition 2.1. Let T be a triangulated category with its shift [1]: T T- The Grothendieck group Kq{T) 
is defined as F{T)/To{T), where J^{T) is a free abelian group with its basis all isomorphic classes in T, and 
J-o{T) is the subgroup of T{T) generated by the set {[X] — [F] + [Z] \ X Y Z ^ X[l\. a triangle}. 

The facts in the following lemma are well-known and fundamental for the calculation of iFnl mod dl. The 
part (3) is deduced by (1) and (2). 

Lemma 2.2. Let Q be a finite quiver with Qq = {1,... ,rn}, I be an admissible ideal of the path algebra KQ, 
and A — KQ/1. 

(1) |Hap2[ III.1.2] The family of the simple A-modules ..., [S'm]) is a Z-basis of iFo(D’^(mod d)). If 

X is a A-module in mod A and 0 0 is exact in mod A, then we have 

m I I m 

[X] = ^(dimKXei)[.5,], ^(-1)^ [X^] = ^ ^(-l)^ (dimK X^e,)[.5,] = 0. 

2—1 j —0 j —0 2—1 

(2) [Ricli Theorem 2.1] Assume that A is self-injective. Then X'^(projyl) can be considered as a thick 
subcategory of {mod A), and we have mod A = Zl'^(modyl)/X’^(proj d) as triangulated categories. 

(3) Assume that A is self-injective. Then we have 

Xo(modyl) = Xo(D*’(modyl))/([Pi],..., [Pm])- 

If A is self-injective, the Grothendieck group Xof mod dl is isomorphic to the cokernel of the Cartan matrix 
C = (cjj), where Cij = dimK CjAci. However, the entries in the Gartan matrix are often complicated, and 
the straightforward calculation of the cokernel is very nasty. For mesh algebras, we will give another set of 
generators of the subgroup ([Pi],..., [Pm]) having “simple” coefficients than the Cartan matrix in Section 3. 

2.2. Mesh algebras. A quiver Q is called locally finite if each vertex u G Qo has only finitely many arrows 
from u and to u. A locally finite quiver Q — {Q, t) with an automorphism t : Qo Qo on the set of vertices is 
called a stable translation quiver if the number of arrows from u to n coincides with the number of arrows from 
V to T~^u for any u,v G Qo, and then r is called the translation of Q. 

For the convinience, we assume that Q has no multiple arrows; that is, for u,v G Qo, there exists at most 
one arrow from u to v. The translation quivers appearing in this paper satisfy this condition. 

For u G Qo, let u'^ C Qo be the set of direct successors of u and vi,...,Vm be all distinct elements of «■*■. 
Then the fullsubquiver 



of Q is called a mesh and the relation ai/3i -I- • • • -I- UmPm = 0 is called the mesh relation of each mesh. 

We can construct a mesh algebra from a stable translation quiver Q. It is the quotient of the path algebra 
KQ by the all mesh relations. Note that the mesh algebra may be infinite-dimensional even if Q is a finite 
stable translation quiver. In the next subsection, we define the stable translation quivers such that the mesh 
algebra is finite-dimensional. 

2.3. Definitions of quivers. We define a translation quiver ZA for a Dynkin diagram A. 

Let Q be an acyclic finite quiver with no multiple arrows. We define a translation quiver ZQ as follows (see 
[ASSl [Ha^ ); the set of vertices {ZQ)o is Qo x Z, the set of arrows {ZQ)i is 

{(i,a) ^ (j,a) 1 {i j) G Qi,a G Z}U {(j,a) ^ (z,a -f 1) ] (j i) G Qi,a G Z}, 

and the translation r is given by T{i, a) = {i,a — I). 

Because Dynkin diagrams are trees, for two quivers Q, Q' such that their underlying diagrams are the same 
Dynkin diagram A, we have ZQ = ZQ' up to isomorphisms of translation quivers. Thus, we can write Z A for 
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these quivers. However, we would like to fix the numbering of the vertices of ZA in this paper, so we assume 
that each Dynkin diagram is oriented and numbered as follows; 

An : 1-^ 2 ---- n , 

Dn: 1-^ 2-^ • • •-^ n — 2 —s- n — 1 , 

I 

n 

: 1 -^ 2-^ 3-^ 4-^ 5 , 

I 

6 

E ^: 1 -^ 2-^ 3-^ 4-^ 5-^ 6 , 

I 

7 

Sg: 1 - ^2 -^3-^4-^5- ^6 -^7- 

I 

8 

The symbol ZA denotes the translation quiver based on these orientations and numberings. 

First, the translation r can be extended to an automorphism on ZA. We can construct finite stable trans¬ 
lation quivers using r. 

Definition 2.3. Let Z\ be a Dynkin diagram with n vertices and /c > 1 be an integer. Then we can consider 
a finite stable translation quiver ZAj^r^). We set the indices of the vertices of ZAjl^r^) as the elements of 
{1, ... ,n} X (Z/kZ). 

For some Dynkin diagram A, r does not generate the automorphism group Auttr ZA as a translation quiver, 
so we define other automorphisms on .ZZ\. 

Definition 2.4. We define ^ Auttr ZA as the following. 

(1) If A is An with n ^ 2Z, Dn or Eq, ip is given as follows, and then ip satisfies ip"^ = id; 

An (n ^ 2Z) : {i, a) {n + 1 — i, a + i — {n + l)/2), 

Dn : (i, a) I—(i, a) (i G { 1 ,. ■. ,n — 2 }), (n — 1 , a) i-A (n, a), (n, a) (n — 1 , a), 

Eg : (i, a) !->■ (6 — i, a + i — 3) (i G {1,..., 5}), ( 6 , a) i-A- ( 6 , a). 

(2) If A is An with n G 2Z, ip is given as {i,a) i-A (n -I- 1 — f, a -I- z — u/2), and then p satisfies . 

(3) If A is D 4 , X is given as (1, a) i-A- (3, a — 1), (2, a) i-A (2, a), (3, a) i-A- (4, a), (4, a) i-A- (1, a -I- 1), and then 
X satisfies x^ = id. 

We can consider an automorphism T^ip, T^p or t^x ZA and a finite translation quiver ZA/{T^ip), 
ZAKt'^p), or ZAjlp-^x) for A: > 1 in each case above. Each quiver automorphism of T,ip,x,p on ZA can 
uniquely induce the quiver automorphism on ZAj{T^), and the induced automorphism is also denoted by the 
same symbol. By the definition of the quivers, we have the following lemma. 

Lemma 2.5. Let k > 1 he an integer. 

(1) If A is An with n ^ 2Z, Dn or Eg, the translation quiver ZAjlr^ip) is isomorphic to the quotient of 
ZAI{t^^) hy t'^iP G knttr{ZA/ 

(2) If A is An with n G 2Z, the translation quiver ZAjlr^p) is isomorphic to the quotient of ZAj 
by T^p G Auttr 

(3) If A is D 4 , the translation quiver ZAjlr^x) is isomorphic to the quotient of ZAjlj^^) by r^x G 

Auttr (2:A/(r3'=)). 

Definition 2.6. We denote the stable translation quivers defined above as follows. 


type 

symbol 

quiver 

type 

symbol 

quiver 

I 


ZAnlir^) 

II 

QA„,2k,2 

ZAnlir'^iP) in i 2Z) 

III 

QAn,2k-l,2 

ZA„/(rV) in G 2Z) 

IV 

QD„,k,l 

ZDnlir^) 

V 

QDn,2k,2 

ZDnlir^if) 

VI 

Q D 4 ,3fc,3 

zd^Kt^x) 

VII 

QEe,k,l 

ZEgj^r^) 

VIII 

QEs,2k,2 

ZEg/ir’^iP) 

IX 

Qst.fc,! 

ZEtI{t^) 

X 

Q Es.k.l 

ZEgjlj^) 
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The corresponding mesh algebra for QA,i,t is denoted by 

Now we can state Riedtmann’s structure theorem, see also |Dug[ Theorem 3.1]. 

Theorem 2.7. Let Q be a connected stable translation quiver. 

(1) [Riel 1.5, STRUKTURASATZ] Assume that Q has no multiple arrows. Then there exist an oriented 
tree B and a subgroup G C Auttr ZB such that Q = ZBjG. 

(2) [Riel 2.1, SATZ 2] Let B be an oriented tree, and assume that there exists an integer n such that any 
path in ZB with its length greater than or equal to n is zero in the mesh algebra K{ZB). Then the 
underlying graph B is a Dynkin diagram, namely An, Dn, Eq, E^, Eg. 

(3) If Q gives a finite-dimensional mesh algebra, then Q is isomorphic to one of the quivers in Definition 

In the rest, the term “mesh algebra” means the mesh algebra of the form AA,i,t unless otherwise stated. 

From the next section, we begin the calculation of the Grothendieck groups Kni vaod A a t A. 


3. The Grothendieck groups of mesh algebras 


Let AA.i,t be a finite-dimensional mesh algebra given by the stable translation quiver Qa.i.i- Now we start 
the calculation of the Grothendieck groups of the stable categories ATnl mod Aa ; A. 


3.1. The main proposition and some definitions. In this section, we describe the Grothendieck group 
ATnf mod Aa i A using the cokernels of matrices on Z. 

We define some notations first. For a ring R and positive integers m,n, we denote n{R) by the set 

of TO X n matrices with entries in R, and by GLm(R) the set of to x to invertible matrices in Matm,m(.R), 
and by Im the identity matrix in Matm,m(.R)- Each M G Matm_„(i?) is regarded as an i?-homomorphism 
M: i?” —>■ i?"*, and KerM, ImM, CokM mean the kernel, the image, and the cokernel of the map. The 
symbol denotes the ml x nl matrix obtained by placing M diagonally I times. Let Mi G Matm.miB) 
(i = l,...,l) and n = ni -I- ■■■ -h ni. The symbol [Mi ••• M;] denotes a matrix in Matm^n(B), where 

Ml ,... ,Mi are seen as blocks of [Mi • • • M;]. 

We use the following polynomials and matrices. 


Definition 3.1. Let to > 1 be an integer. 

(1) We define Sm{x) = 1 — x-\-x^ — ■■■-{- (—€ Z[x\. 

(2) We define Xm G GLm{Z) as the permutation matrix of the cyclic permutation (1,2, ...,to) in the 
symmetric group &m', that is, 

0 1 
Im-l 0 


Xm = 

We show the following proposition in this section. 


Proposition 3.2. Let n,k > 1 be integers. The Grothendieck group iFnf mod A a i A is isomorphic to the 
following; 


(I: AA„,k,i) 
(II: AA„,2k,2) 


I (Gok(lfc - X^+1))G-3)/2 0 Cok(lfe - Xk)(h + (n ^ 2 Z) 

\ (Gok(lfc - X”+^))("-A /2 ® Cok(lfc - Xk) (n G 2 Z) ’ 

(Cok(l2fe + © Cok [(l2fe - X2k)(l2k + l2fc + 

(III: AA„.2fc-1.2) (Cok(l2fe-l + © Gok [l2fc-l - X2k-1 2 ■ l2fc-l] , 

I (Gok(lfc + © Coks2n-2(Xk) (n i 2 Z) 

\(Gok(lfc + A^-i))"- 2 ©Coks„_i(Afe) (nG 2 Z) ’ 


(IV: Azi„.fc.i) 
(V: AD„,2fe.2) 


(VI: Aoi^'ik.'i) 
(VII: AE(,,k,i) 
(VIII: AE(,,2k,2) 


(Cok \ 2 k-\-^ 2 k^ ^ 2 k—^ 2 k ^ 0 Cok S 2 n- 2 {^ 2 k) ^ ^ {u ^ 2Z) 

(Cok l 2 fe+A 2 V^ l 2 fe-V 2 \ )"-3©Cok l 2 fc+A 2 V^ {I-X!f^)Sn-l{X 2 k)] {nG2Z) 

Cok(l3fc + X^jf) © Cok(l3fe + X^k)-: 

Cok(lfe — X^) © Cok((lfc — Afe)(lfc + X^ + A® + A®)) © Cok(lfc + A®) © Cok(lfc + A^), 
Cok(l2fc + X^j, ® Cok [(l2fc — A2fc)(l2fc + + A|^ + A|^) l2fc + A^j, 


















THE GROTHENDIECK GROUPS AND STABLE EQUIVALENCES OF MESH ALGEBRAS 


7 


© Cok [l 2 fe + l 2 fc + ^ 2 fc \)-2k + ^ 2 fc l 2 fc + -^ 2 fc ’ 

(IX: AE,,k,i) (Cok(lfc + Xl) f © Cok(lfe - Xfc + Xl), 

(X: Ae,xi) (Cok(lfc + Xf))" © Cok({lfc - + X2)(lfc + Xf)). 

As mentioned after Lemma 12.21 using the isomorphism in Lemma l2.2l f3i straightforwardly is not a good way 
to calculate the Grothendieck group. Thus, we will give a simpler set of generators of ([P„] | u e {QA,i,t)o) in 
the next subsection. The proof of Proposition 13.21 is based on the new generators. 

3.2. Another set of generators and polynomial matrices. In the proof of Proposition 13.21 we use 
Nakayama permutations effectively. Let tt be the Nakayama permutation of A^^i^t, namely defined as euA^^i^t — 
Homif X) in mod AA,i,t- We can write tt as follows. 


A 

Ay {n ^ 2Z) Ay {n G 2Z) Dy {n ^ 2Z) 

Dy {n G 2Z) Eg E’j Eg 

TT 

t-("-i)/2^ (^"-1 

T-1"-2) T-® 


To make the calculation easier, the following proposition by Dugas is very crucial. The part (2) is proved 
by applying (S'„ ©h ?) to (1). Note that we define the right action of A e A on a twisted bimodule lA^ as 
A' • A = for A' € lA^, whereas A' ■ A = X'/j,~^(X) in |Dug| . 

Proposition 3.3. Let A be a Dynkin diagram and k > 1 be an integer. Put Q = QA,k,i, A = A^.k,!- 

( 1 ) |Dug[ (4.1)-(4.3), Corollary 4.3] A projective resolution of A as a A-A-bimodule is given by 0 ^ L ^ 
U 2 —^ Ui —y Uq —y A —y 0, where 

U 2 = 0 {Acu ©R e^-iuA), Ui = 0 0 (.ACy. ©iC CyA'^^ 

udQo uGQo,v£u+ udQo 

and L is a A-A twisted bimodule lA^, and p € Aut*:(A) satisfies yi~^{ey) = for u G Qo- 

( 2 ) For u G Qo, a projective resolution of the simple A-module Sy is given by 

0 —>■ ST^T-ly -G Pr-^y —t Py ^ Py —y Sy —y 0. 

Remark 3.4. Let c be the Coxeter number of A. It is well-known and easy to see that = t“'^. The part 

(2) of Proposition l3.3l implies that and thus [S'„] = [S',—c„] in Xnf mod A). This observation also 

holds for the locally bounded mesh algebra K{ZA) of ZA, and we have Ko( mod K(ZA)) = Xnf mod A/\ i ^1. 
This is isomorphic to by Theorem ll.il where n is the number of vertices of A. 

Now, we can prove the following lemma, which gives “simpler” generators of ([Pm] ] u G Qo), and is the 
key ingredient of the calculation. Though the number of generators may increase, the elements of the new 
generators are much easier to express as linear combinations of [Sm]’s than the original ones. 

Lemma 3.5. Let A be a Dynkin diagram and k > 1 be an integer. Define HA,k = ([^u] I w G (Q/i,fc)o) o.s a 
subgroup of Ko{D^{mod AA,k,i))- Then the following conditions hold. 

(1) (i) Let f., H'J^ be subgroups of Ko{D'°{ mod AA.kp)) defined by 

H'A,k = {[^u] + [S.n.r-iM] I U G {QA,k,l)o), = {[-?«] I U G {l,7l} X {Z/kZ)). 

Then we have HA,k = ^ + H'f^ j., and especially, 

Xn (mod Aa fc i) = Ko{D^{modAA.k,i))/{H'^,k + H'f^.k)- 

(ii) If A — Ay, (i) holds even if 

H'ik = {[Pu] I u G {1} X {Z/kZ)). 

(iii) If A = Dy, (i) holds even if 

H'a.m = {[^J + [S.r-^y] \uG{l,...,n-2}x {Z/kZ)). 

(2) (i) If A = Ay {n ^ 2Z), Dy, Eg, let 2 fc ® subgroup of Ko{D^{mod Aa, 2 k,i)) defined by 

P'A,2k ~ ([“^“l ~ I ^ G (QA, 2 fc,l)o)- 

Then we have Xn fmod Aa 2 k 2 ) = Ko{D^{mod AA,2k,i))/{IlA, 2 k + PA, 2 k + P\, 2 k)- Moreover, if 
A = Dy, we have 

Pa, 2 k = (['5'tt] - [S{r>‘^)-^u] \ uG n-2 ,n}x (Z/2fcZ)). 
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(ii) If A = An {n € 2 Z), let H^2k-i ® subgroup of Kq{D^( mod A/^^2k-i,i)) defined by 

^A,2k — l ~ ([*^u] ~ ['S'(r'“i^)“iu] I S iQ A,2k — l,l)Q) ■ 

Then we have i^o(modylzi,2fe-i,2) = Ko{D'^{mod AAak-ip))/{H'A,2k-i + ■f^A,2/c-i + ^A,2fe-i)- 

(iii) If A — D4, let he a subgroup of Ki4{D^ {mod A a,?, k,i)) defined by 

^A,3k I ^ ^ {QA, 3 k,1)0) 

= (M - [^(r^x)-^«] I « G {3,2,4} X {ZfSkZ)). 

Then we have KA mod AA ?.k r ) - Ko{D'°{mod AA,3k,i))l{H'A 3^ + H'f, 3 k + ^A, 3 k)- 
Proof. (1) We prove (i) first. 

We show H'^ f. + H'J^ f. C IlA,k- It is clear that f. C We prove ^ C IlA,k- By Proposition 13.31 

we have 

['S’ttt-Iu] + [>S'u] = [Pt-^u] ~ [-Bu] + [-fu] G i?A./c 

vGw^ 

in Ko{D'^{modAA,k,i))- Thus C IlA,k holds and we have H'^j^ + C IlA,k- 

Next, we show HA.k C H'a k + P'a k- i® sufficient to show [Pi^a+kz] € j. + H'a k- H * = n, we have 

[Pn,a+kz] G H'f^ f.. Thus we prove the remained assertion by induction on j = 1,..., n — 1. If i = 1, we have 

[Pi,a+kz] S We assume that 2 < f < n — 1. Put u = (i — l,a + kZ) and let m be the number of the 

elements of u'^ (it does not depend on a). We can deduce that to = 1, 2,3. 

If m = 1, we can deduce f — 1 = 1 because l<f — l<n — 2, and we have «+ = {(2, a + /cZ)}. By Proposition 
m we have 

[-S'ttt-Iu] — [-Pl.a+l + fcz] + [T2,a+fcz] — [-Pl.a+fcz] + [-S'u] = 0 

and 

[T2,a+fcz] = + [-S'u]) + ([T’l,a+l+fez] + [T’l.a+fez])- 

Thus we can deduce [Pi,a+kz] G + H'A k- 

If TO = 2, we can deduce 2<f — l<n — 2 and = {(z — 2, a + 1 + kZ), (z, a + kZ)}. By Proposition 13.31 
we have 

[*^'7rT“^u] l,a+l+fcz] 4“ ([T^ —2,a+l + fcz] A [I^2,a+fcz]) [Tj—l^a-|-fc.z] A ^ 

and 

\Pi.a+kz\ — A [5'^/]) A ([Ti_i^a-|-i-|-fc^] [Ti_2,a+l + fcz] A [I^t—l,a+fcz])- 

The first term of the right-hand side is the element of H'^ j,, the second term belongs to H'^ j, A H'a k by the 
induction hypothesis. Thus we can deduce [Pi,a+fez] G H'^ ^ + H'J^ j,. 

If TO = 3, we can deduce 2<z — l<n — 2 and zz+ = {(z — 2, a -b 1 -b kZ), (z, a A kZ), {n, a A kZ)}. We have 

similarly 

[Ti^a+fcz] — A [*5^11]) ~b l,a+l+fcz] [Tj —2,a+l+fcz] “b l.a+fcz]) [I^n,a+fcz]- 

The first term of the right-hand side is the element of j ., the second term belongs to f. + H'J^ ^ by the 
induction hypothesis, and the third term is the element of H'f^ j.. Thus we can deduce [Pi^a+kz\ G H'^ j. -b H'J^ f.. 
The induction is completed, and we have HA,k C H'^ -b H'f^ j,. The part (i) has been proved. 

If Z\ = A„, in the proof of C H'^ ^ -b ^ in (i), we can add 

[Tn,a+fcz] — A -b ([Tn —l,a-t-l-t-fcz] [I^n—2,a+l+fcz] “b [Pn — l,a+kz])- 

to the case of to = 2, where u = {n — l,aA kZ). The case to = 3 does not occur. Thus we can remove {Pn,a+kz] 

from the generators of The part (ii) is proved. 

If Z\ = Dn, in the proof of HA,k C ^ -b H'f^ in (i), the fact [S'TTT-itt] + [5'«] G ^ is used only in the 
case zz G {1,... , zz — 2} X {Z/kZ). The part (iii) is proved. 

(2) We only prove (i). The remained parts (ii) and (iii) are shown similarly. The natural quiver epimorphism 
QA,2fe,i ^ QA,2k,2 by T^if induces the natural epimorphism ifo(-D*’(modyl/i,2fe,i)) —IGo(Zl’^(modylzi_2fc,2)), 
and it has 2fc il® cokernel. Now we put Ha, 2k,2 = ([ec ■2lA,2fe,2] | u G {QA,2k,2)o) C Kq{D'°{ mod AA,2k,2))■ 
For zz, u G ((5A,2fe,i)o, we have es • AA, 2 k ,2 • e® = e„ • zlA,2fe,i • e„ © e„ • zlzi,2fe,i • as iF-vector spaces, where 
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u = and v = {v,T^ipv} are the r^i/’-orbits of u and v, respectively. Therefore, we have the following 

exact sequences and the commutative diagram 

0 -^ Ha,2 k n H'^ 2k -^ Ha,2 k -^ HA,2k,2 -^ 0 


0 -^ H'j^ ^k -.ft^o(^'^(mod^zi, 2 fe.i))-^ Ko{D'^{modAA, 2 k, 2 )) -^ 0 ■ 


By diagram chasings, we have 


gn (mod ylA. 2 fc. 2 ) = 


i4:o(-D'^(modylA,2fc,2)) ^ itro(i:>'^(modylA,2fc.l)) 


HA,2k,2 


'A,2fc 


The first assertion is proved by using the part (1), and the second assertion for A = Dn is easy to prove by the 
definition of 'ip. □ 


Our task is moved to express the generators of the subgroups appearing in the previous lemma. To do this, 
we define some matrices on Z[x\ and Z. 


Definition 3.6. For an integer n > 1, we define the following. 

(1) We define T„(a;) S Mat„^ri(Z[a:]), Un{x) S Main,i{Z[x\) as 



X^~ 


■f 

Tn{x) = 


5 ^n(^) — 

1 


X 


1 


(2) Assume n > 4. We define 14(x) G Mat„_ 2 ,i(Z[x]), Wn{x) G Mat„_ 2 ,i(Z[a;]) as 


'I + a;”-2' 


1 - 

1 

e 

H 

1 _ 

I + 

, Wn{x) = 


■ + 

1+ X 


X + x"^ + ■ 



(3) Assume n > 4. We define fn{x),gn{x) G Z[x\ as 

- + -1" (n ^ 2Z) j x + x^ - h a;”“^ (n ^ 2Z) 

'11 + + • • • + (n G 2Z) ’ '|x + a;^ +- \-x^~^ (n G 2Z) 


Lemma 3.7. The Grothendieck group ATnf mod T a / 0 is isomorphic to Cok MA,i,t{Xi), where MA,i,t{x) is a 
matrix on Z[x,x~^] defined as follows; 


(I) 

( II ) 

(III) 

(IV) 


(V) 


(VI) 


MA^,k,l{x) 

= [l„ + Tn{x) 

^n(^) 5 




AlA„,2k,2{x) 

= [in + Tn{x) 

Un{x 

) In- 

x'=-(”+1)/2T„(x)] 

in^2Z), 

MA„,2k-l,2{x) 

= [in + Tn{x) 

Unix 

) In- 

x'=-(”+2)/2T„(x)] 

in G 2Z), 



■(1+x”-^) 

• ln-2 

Vnix) 

Wnix) 



MD^,k,l{x) 

= 



1 

gnix) 

5 






1 

fnix) _ 





■(1 +x”-i) 

• ln-2 

Vnix) 

Wnix) 

il-x'^) ■ 

' ln-2 

MD„,2k,2ix) 

= 



1 

gnix) 


-x’^ 





1 

fnix) 


I 



[l 

1 + 

x‘^ 


■ 

MD„,3k,3ix) 


l+x^ 

1 + X 

X x^ 

1 

-x'^ 




1 

X 

1 

-x’^ 





1 

1 + 


1 
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(VII) 


(VIII) 


(IX) 


(X) 


MEe,k, lix) 


MEfi,2k,2{x) 


I 5 + • T^^x) 

I + X® 


l+x’^ 

3,5 -1 

x+x 

- 

l+x^+x^ 

x^+x^+x^^+x^ 


l-\-x+x^-\-x^ 

x+x^+2x^+x‘^+x’^ 


1+x+x^ 

x+x^+x^+x^ 


1+x^ 

x+x^ 


1+x^ 

1+x^+x^+x’^ 

. 


MEe, 2 k,l{x) 


15 - x^-^ ■ nix) r 

l-x’^ ’ 




1+x^+a:® 

x^+x^+x^ 

- 



l+x^+x'^+x'^ 

x^+x‘^+x’^+x'^+x'’'+x'^ 


II 

A 

(l+3:'')-l7 

1+x^+x’^+x‘^+x'^ 

x^+x^+2x‘‘+x’^+2x^+x'’'+x‘^ 


1+x+x‘^+x^+x‘^+x^ 

x+x^+2x^+2x‘^+2x^+2x'^+x'^+x'^ 



l+x+x^+x"^ 

x+x^+x^+2x^+x^+x^+x'^ 




1+x^ 

x+x^+x'^+x^ 




l+x^+x‘‘ 

l+x^+x’^+x'^+x^+x'^+x'^ 

- 


MEfi,k,l{x) 


~ 


1+x^ 

x^+x'^+x^ 

~ 



1+x^+x^ 

x^ +x^ +x^+x'^+x^ +x^ 




l+x^+x'^+x'^ 

x’^+x^+2x^+x^+2x'^+x‘^+x^ 


(l-bxi5) 

Is (1 + x^) • 

l+x'^+x'^+x'^+x'^ 

x^+x^+2x^+2x^+2x'^+2x'^+x^+x^ 


1+x+x'^+x^+x‘^+x^ 

x+x^+2x’‘+2x‘^+3x^+2x’^+2x^+x^+x^ 




l+x+x^+x‘^ 

x+x^+x^+2x'^+2x^+x’^+x'^+x’* 




1+x^ 

x+x^+x^+x^+x'^ 


_ 


1+x^+x* 

1+x^+x^+x'^+x^+x‘^+x'^+x^ 

_ 


Proof. We correspond the {{i — l)l + (a+ l))th row of the matrix to [Si^a+iz] G Kq{D^ {mod A a. i.i)) 

for i £ {1,...,n} and a £ {0 ,... ,l — 1}. Calculating the dimension vectors of the indecomposable projective 
modules appearing in the generators of H'f^ j, one can straightly check the columns of correspond to 

the generators of the subgroups H'^ H'^ ^ given in Lemma Now the assertion is proved 

by Lemma [2111 D 


3.3. Transformations of polynomial matrices. Now we can finish the proof of ProDOsition l3.21 The method 
of the proof is the transformation of the polynomial matrices MA,i,t{x). 


Proof of Proriosition \S.2\ We can transform M^.i.tix) as a matrix on Z[x\/{1 — x^). In such transformations, 
we can put x = Xi, because Xj = 1/. We use the following fact (*). 

Let A £ Matm,*(I?) and B £ Matm,m(I?) be matrices on a ring R with the numbers of their 
rows are the same. Assume that B is scalar; that is, there exists A £ i? such that B = X ■ 1^- 
If the matrix A can be transformed into A' as matrices on i?, then the matrix [A i?] can be 
transformed into \A' i?]. 

Now we start transformations. 

(I: AA„^k,i) We consider the case n ^ 2Z first. If n = 1, it is clear, so we assume n > 3. [l„ + r„(x) C/„(x)] 

is of the form 


1 x” 1 

1 a;("+3)/2 I 

l + x(”+i )/2 1 

x("-i )/2 1 1 

X 11 


Using the left-upper “l”s, it can be transformed into 


("-l)/2 


1 - hx ("+^)/2 


1 - x"+i 


1 

1 _ x^n-l)/2 

1 — 1 — X 


and 


l(n-l)/2 


l-hx(”+i)/^ 


(1 - X"+^) • l(„-3)/2 


1 — X"+^ 1 — X 
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Finally, we get 


L(n-l)/2 


0 1 
(l-a:"+i)-l(„_3)/2 

— (1 — x)(l + 1 — a;”+^ 

Because 1 — can be divided by (1 — x)(l + we have the assertion. 

If n G 2Z, omitting the middle row and the middle column, similar transformations give 


(l_x"+l).l(„_2)/2 


1 - X ”+1 1 - ; 


Because 1 — x"+^ can be divided by 1 — x, the assertion is proved. 

(If: 2lA„.2fc,2) The matrix MA„, 2 k, 2 {x) can be transformed into 

[1„ + T„(x) C/„(x) (-1 - x'=-("+i)/2)r„(x)] . 

Taking into account that T„(x) G GL„(Z[x]/(l — x^^)), the above matrix can be transformed into 

[1„+T„(x) Unix) (l+x'=-(”+l)/2)-l„] . 

From the proof for AAn,k,it the matrix [l„ + Tn{x) 17„(x)] is transformed into 


Nix) = 


0 1 

(l-x"+l)-l(„_ 3)/2 

— (1 — x)(l + 0 


Therefore, from the fact (*), Ma„, 2 k, 2 ix) can be transformed into [fV(x) (1 + x* ("+i)/2) . ^ and we have 

KoimodAAn, 2 k, 2 ) = (Cok 

© (Cok [l 2 fc - 1 + )(”-3)/2 

©C0k[(l2fc-X2fe)(l2fe+^:ir'^/") l2fc + ^2^^"^'^^" • 

The first component is clearly 0, and the second one is isomorphic to (Cok(l 2 fc + ^ 2 k because 

we have 1 — x"’*'^ = —x"“''^(l + .Z[x]/(1 — x^^). Thus we have the assertion. 

(Ill: 2l^„_2fe-i,2) Similarly to the proof for AA„, 2 k, 2 , the matrix MA„, 2 k-i, 2 ix) can be transformed into 
[fV(x) (1 + • 1„], where 


Nix) = 


(I_x"+l).I(„_2)/2 


0 1-x 


We have 

KoimodAA^, 2 k-l, 2 ) = (Cok [l 2 fe_i l 2 fc_l + 

© (Cok [l 2 fc_i - X 2 "+_\ l 2 fc-l + 

© Cok [l 2 fc_i - X 2 fc_l l 2 fc-l+X 2 \-i”+"^/' . 

The first component is clearly 0, and the second one is isomorphic to (Cok(l 2 fc-i because 

we have I —x"+^ = —x"“''^(I + x*“^"+^^/^)(l —in Z[x]/(I — x^^“^). The last summand is isomorphic 
to Cok [l 2 fc-i — -^ 2 fc-i 2 • l 2 fc-i]. Thus we have the assertion. 

(IV: ADn,k,i) Multiplying the matrix below (invertible on Z[x]) to lix) from the left. 

In —2 Cyj_2(x) Cyj_2(x) 

1 


1 
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we have 


1 + x” 


-1 + a;" 


1 + x” ^ —1 + x^ 

—1 + x 
1 
1 

This matrix can be transformed into 


-l — X—'-'—X 

— 1 — x 
-1 
9n{x) 
fn{x) 


n—3’ 


l+x”--" -1 + x -1 

1 9n{x) 

1 /«(a;) 

Thus we have CokMD^,k,i{Xk) = (Cok(l + © CokMi(Xfc), where 


Mi(x) = 

Ml (x) can be transformed into 

M^ix) = 


'l+x”-i -1 + x -1 ■ 

1 9n{x) 

1 fn{x) 


1+x” ^ 1 + X -1+5n(a;)+/n(a;) 


9n{x) 

fn{x) 


If n ^ 2Z, considering the (3, 2) entry and the equations 

-1 + g„(x) + /„(x) = -! + (! + x)/„(x), 5 „(x) - /„(x) = -s„_i(x), 

M 2 {x) can be transformed into 


n —1 


1 + x' 


and using (1 + x" ^)s„_i(x) = S 2 n- 2 (a;), we have 


-1 

-S„_l(x) 


-1 


-S 2 n- 2 (a;) 


1 


The assertion is proved for n ^ 2Z. 

If n G 2Z, considering the (2,2) entry and the equations 

-I + g„(x) + /„(x) = (1 +x) 5 „(x), /„(x) - gn{x) = s„_i(x), 

M 2 {x) can be transformed into 

ri+x”-i 

I 

S„_l(x)_ 

The assertion is proved. 

(V: 2 l_D„, 2 fe, 2 ) By similar calculations to the proof for AD„,k,i, we have 

C0kM^„,2fc,2(^2fc) = (Cok [I + X 2 ”-l I - X2\])”-3 © C0kMi(X2fc), 

where 

I + x”“^ —1 + x —1 1 — x^ 

1 gnix) -x'^ 

1 fnix) 1 


Mi(x) = 

Ml (x) can be transformed into 
M2 (x) = 


l + x”“^ 1+x -1+ g„(x) +/„(x) l-x'= 

1 gnix) -x’^ 

1 fn{x) 1 
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If n ^ 2 Z, considering the ( 3 , 2 ) entry and the equations 

-1 + gnix) + fn{x) = -! + (!+ x)f„{x), g„{x) - fn{x) = -Sn-l{x), 

M2{x) can be transformed into 

1 + —1 1 — — 1 — X 

-s„_i(x) -l-x'" 

1 

and using (1 + x”“^)s„_i(x) = S2n-2(x) and (1 + x)s„_i(x) = 1 — x"“^, we have 

-1 

-S 2 n- 2 {x) -(1 - x'')s„_i(x) -x'' - x”“^ . 

1 

Because n is odd, we have 

(1 - x'')s„_i(x) = (1 + x”“^)s„_i(x) + (-x'^ - x"“^)s„_i(x) = S2n-2(x) + (“x'^ - x"“^ )s„_i (x). 
The assertion is proved. 

If n G 2 Z, considering the ( 2 , 2 ) entry and the equations 

-1 + 5„(x) + /„(x) = (I + x)g„{x), fn{x) - 5„(x) = s„_i(x), 

M2(x) can be transformed into 

■f + x”-! I-x'^ x'=+x'=+i' 

I 

s„_i(x) I + x'' 

and we have 

'l + x"-! I-x'^ x'=+x'=+i' 

1 

— I —x”“^ S„_l(x) —1 + x^ I — x^+^ 

Now that s„_i(x) divides I + x"“^, thus we have 

I + x"“^ I — x^ X + x^ 

1 

S„_i(x) — 1 +X^ I — X 

Because n is even, s„_i(x) = 1 — (I — x)gn{x) holds. Thus, transformations lead to 

1 + x”“^ (x + x^)5„(x) 1 — x^ X + x^ 

1 

1 —I + X^ 1 — X 

and 

I + x"“^ (1 - x'"))! + (x + x'‘)5i„(x)) (x + x'')(I - (1 - x)g„(x)) 

1 

1 

Here, in Z[x]/(I — x^^), the equations 

(1 - x'^))! + (x + x'=)5„(x)) = (I - x'^) + (x + x'^ - x'^+i - x"'=)5„(x) 

= (I - x'^) + (-1 + X + x'^ - x'=+i)5„(x) 

= (I - x'')(l - (1 - x)g„(x)) = (1 - x'')s„_i(x), 

(x + x'')(l - (1 - x)g„(x)) = (x + x'')s„_i(x) 

= (I + x)s„_i(x) - (1 - x'')s„_i(x) 

= (I + x”“^) - (1 - X^)Sn-l{x) 
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hold. Thus, as the matrix on Z\x\l{\ — the above matrix can be transformed into 

+ (1 - a;'')s„_i(a;) 0l 


1 


1 


The assertion is proved. 

(VI: vlD 4 , 3 fc, 3 ) Considering the (4,7) entry, Mi:,i, 3 k,z{x) can be transformed into 


1 + a;3 


l + x^ 
1 + a;^ 1 + a: 


X 

X + x"^ 


—X 


fc+i 


1 + a:*^ a; + a:*^ + a; 


k+2 


and considering the (3, 5) entry, we have 

1 + a;^ 1 + a:^ + a:^+^ ■ 

1 + a;^ 1 + a; 


In Z[a:]/(1 — x^^), the equations 


X + x'^ 


1 -x'^ 


y,'2k-\-3 


1 — 


1 + a:^ +a;'=+^ + a:^'=+^ = (1 + a:''+^)(I + a:^'=+^) = (I + a;'=+^)(I + a;)s 2 fe+i (a:), 

1 — a:^ = —a:^(l — a;^^) = —a:^(I + x)s 2 k{x) 

hold. Thus as a matrix on Z[a;]/(1 — a;^^), considering the (2,3) entry, the above matrix is transformed into 

1 + a:^ hi{x) 0 h 2 {x) hz{x) 


1 + a: 


1 


where 

hi{x) = -(1 +a;^)(l +a:''+^)s 2 fe+i(a:), 

h2{x) = (x^ + x^+^ + x^^+^ + x^^+^) -(x + a;^)(I + a;''+^)s2fe+i(a) 

= (x^ + x^~^^ + - a;(l + a''+^)(l + 

= -x(l - X + x^)(l - x^^) = -x{l + x^)s2k{x), 

/13(a) = -(1 - a'')(I + a''+^)s2fe+i(a) 

= a'=(I - a^'^))! + a'=+i)s2fc+i(x) = a'=S2fc(x)(l + a'^+i))! + a^'^+i) = x’^+^S2k{x){l + x^’‘-^){l + x'^-^). 

As elements of .^[a]/(I — a^^), hi{x) and h 2 {x) can be divided by 1 + a^ and /13(a) can be divided by 1 + a^^“^, 
I — a^^, and 1 + . The polynomial I + a^ can divide 1 — a^^ if fc G 3Z, can divide 1 + if /c G 1 + 3Z, 

and can divide 1 + a^^“^ if fc G 2 + 3Z. Thus /13(a) also can be divided by I + a^ in Z[a]/(I — a^*). The 
assertion is proved. 

(VII: AE^,k,i) Using the ( 1 , 1 ) entry and the ( 2 , 2 ) entry, ME^,k,i{x) can be transformed into 

ri2 

Mi(a)J 


where Mi (a) is 
'l + a® 

l-ai2 


1 — a 


(I + a^)(I + a) (I + a^)(a + a^ + a^) 

(I + a^)(l + a — a^ + a^ — a® — a®) (I + a^)(a + a^ — a'^ — a®) 

(1 + a^)(l — a^ + a® — a®) (1 + a^)(a — a'^) 

1 + a® I + a^ (I + a^)(I + a®) 

Thus, we have CokM£;g_fe_i(Afc) = CokMi(Afe). Next, considering (4,5) entry of Mi (a), we have 

1 + a® (I + a®)(— 1 —a) —( 1 +a®) 

I — a^^ (I + a®)(—1 — a + a^ — a"^ + a® + a®) (I + a®)(—1 + a^ — a® + a®) 

I-a®2 (l+a®)(-I + a2-a®+a®) (I + a®)(-l + a - a® + a®) 


0 


1 


0 
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1 — {1 + x^){—x + + x^) (1 + a;®)(—1 + — a;^ + a;®) 

l — x^"^ (1 + a:®)(— 1 + a;^ — a;^ + x^) (1 + x®)(—1 + x — 

0 1 + x2 0 

Now, C6kME^,k,i{Xk) = Cok(l + X^.) © Cok(l + X^) © CokM 2 (x), where 


M2(x) = 


1 — X^^ (1 + x®)(—X + x^ — x"^ + x^) (1 + x®)(—1 + x^ — x^ + x^) 

1 — x^^ (1 + x®)(—1 + x^ — X^ + X®) (1 + x®)(—1 + X — x^ + x^) 

N/-. 1 fi Qs 1 + X + X^ —X —1 — X 

= (1 -x)(l ©X^ +X® +X®) 1 , , 2 1 1 • 

^ ' 1 + x + x^ -1-x -1 


Considering its (2,4) entry, it can be transformed into 


(1 — x)(l + x"* + x° + x^) 


1 + x + x^ —1 + x^ 1 + x + x^ 

1 + X + x^ — 1 


(1 — x)(l + x"^ + x° + x^) 


1 + X + x^ 0 

1 + X + x^ —1 


Thus, CokM 2 (Xfe) © Cok((l — Xk){l + X^ + X® + XD) © Cok(l — Xl"^) and the assertion has been proved. 
(VIII: AEe, 2 k, 2 ) The matrix ME^, 2 k, 2 {x) can be transformed into 


MEe,2k,l{x) 


-(x3 + x'=-3) ■T5 (x) 


-X® - x'^ 


and taking into account that T^ix) G GL„(Z[x]/(I — x^^)), the above matrix can be transformed into 

[Me,, 2 kAx) (I + x'^-®) • 1 „] . 

From the proof for AE,,k,i, the matrix ME,,2k,i(x) can be transformed into 

I 

1 

1 + x® 

I — x^^ 

(I — x)(I + X® + X® + X®) 

I + X® 

and thus ME,,2k,2{x) can be transformed into [lV(x) (I + x^“®) • 1 „]. We have Kni Tnod Ae„ 2k 2) is isomorphic 
to 

(Cok [l2fe l2fc + x!^A] f ® Cok [l2fe + V®^ I + x!^A] ® Cok [l2fc - X^ 1 + V^^"®] 

© Cok [(l2fe — V2fc)(l2fe + ^2fc ® ^2k ® ^2k) ^2.k + ^2fe ® [l2fe + l2fc + ^2fc ’ 

The first component is clearly 0 , and the third one is isomorphic to Cok(l + V^^®), because we have I — x®® = 
(1 + x^“®)(l — x^“®) in Z[x]/(I — x®^). Thus we have the assertion. 

(IX: AEi,k,i) Considering the (6,8) entry and the fact (*), MEj,k,i{x) can be transformed into 

I — X + X® —X — X® + X® — X® + X® — X^ + X® — X® — x®^ 

0 —X — X®® 

I — X + X® —X + X® — X® + X® — X® + X® — X'" + X® — X® 

(1 + X ®)-17 0 0 

0 0 

1 + x® 0 

I — X + X® I — X + X® — X® + X® — X® + X® — X®" + X® 
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and using the (7, 9) entry, 



0 

— I — X® — X® — x^^ 



0 

— X — x^® 



0 

-1 -X® 


(1 + X®)-17 

0 

0 



0 

0 



0 

-1-x® 



1 — X 0 X® 

0 



Because the entries in the rightest column are divided by 1 + x® and 1 + x® are divided by 1 — x + x^, the 
assertion is proved. 

(X: AEg,k,i) The matrix MEg,,k,i{x) is transformed into 



0 

— X — X® 0 X® 0 X® — X®! — X®® 



1 — X 0 X® 

—X® 0 X® 0 X® 0 2x’^ — X® 0 X® — x®® — x®^ 



0 

— X 0 X® — X®® 


(I 0x1®) -Is (10X®)- 

1 — X 0 x^ 

X® 0 X® 0 x”^ — X® 0 X® — X®® 


0 

0 



0 

0 



1 0 X® 

X 0 X® 0 x'® 0 X® 0 x”® 



1 — X 0 X® 

1 0 X® 0 x”® — X® 0 X® 



Considering the (8,9) entry, this matrix can be transformed into 



0 

— X — X® 0 X® 0 X® 

- X®® - X®®' 



0 

— I — X^ 0 X® 0 

— X®® — X®® 



0 

— X 0 X® — 

X®® 


(I0X®®)-18 (10X®)- 

0 

0 

-I0X® - 
0 

x®0 



0 

0 




0 

-I0X® - 

x®0 



I — X 0 x^ 

0 




Because the entries in the rightest column are divided by (1 + x^)(l — x® + x^®) = 1 + x^® and 1 + x^® are 
divided by (1 + x®)(l — x + x®), the assertion is proved. □ 

3.4. Proof of Theorem 11.11 Now, the remained task is to calculate the summands appearing in Proposition 
13.21 The processes of the calculations are written in the next subsection. Using the results in Subsection 13.51 
we can prove Theorem ll.il 


Proof of Theorem \l.l[ We state each cokernel in Proposition [XU One can easily check that Theorem 1 1.1 1 holds. 
(I: ylA„,fc,i) By Lemmas 13.91 (2) and 13.121 we have 


Cok(lfe - ^ Cok(U - Xk) = Z, 


Cok((U - Xk)ilk + 4”+')/")) - ^ 2 )/ 

(II: AA^, 2 k, 2 ) By Lemmas 13.91 (2) and 13.131 we have 


(Z/2Z) 
2 


d-1 


(r e 2Z) 
(r ^ 2Z) 


(n ^ 2Z). 


(Z‘^ (re 4Z) 

Cok(l 2 fc + ^ I {Zl2Zf'^ (r e 2 + 4Z) 

{ri2Z) 


Cok 


[i2k- ^2k)y^2k+^2k ) ^2k+^2k 


r (Z/2Z)‘^-i 0 (Z/4Z) (r e 4Z) 
\{Z/2ZY+^ (re 2 04Z). 

{ri2Z) 


(III: 2l^„_2fc-i,2) By Lemma IXIH 121. we have 

Cok(l 2 fe-i + ^ {Zl2Zf\ Cok [l 2 fe-i - X 2 k -1 2 • l 2 fe-i] = Z/2Z. 
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(IV: By Lemmas 13.91 (2) and 13.111 we have 


Cok(lfc + V((-i) ^ 


Cok S2n-2 



( (Zl2Zy {k e 2Z, r G 2Z) 

\ Z^!'^ {k g2Z, 2Z) , 
[(Z/2Z)^ {ki2Z) 


Z'^-i © (Z/rZ) (fc G 2Z) 
Z'^ [k i 2Z) 


(n i 2Z), 


Cok Sn-l{Xk) 


2 ;(d- 2)/2 ^ ^zjrZ) {k G 2Z) 
(Z/2Z)'^-i (fc ^ 2Z) 


(n G 2Z). 


(V: AD^^ 2 k, 2 ) By Lemmas 13.14113.151 and IXTCl we have 


r {ZI2ZY {k G 2Z, r G 2Z) 
Cok [l 2 fe + l 2 fe - Vlfe] = < (fc G 2Z, r ^ 2Z) 


[(Z/2Z)'^ (fc^2Z) 


Cok 


S2n-2{X2k) l2fc + V2J, 


Cok [l2fe + V2V' (1 - V2\)s„_i(V2fe)] = 

(VI: 21 ^ 4 . 3 / 0 , 3 ) By Lemma [SHI (2), we have 

f Z^ (fc G 2Z) 


{ Z-^ (fc G 2Z, r G 4Z) 

(Z/2Z)2'^-i (fc G 2Z, r G 2 + 4Z) 

Z‘^/2 (/fc G 2Z, r ^ 2Z) 

Z-^-^ © (Z/rZ) (/c ^ 2Z) 

^Z"/2 (fcG2Z) 

„ 0 ,,, 0 , (r^€2Z). 


(n ^ 2Z), 


(Z/rZ) (fc i 2Z) 


\z 


{k G 2Z) 


Cok(l3fe+V3fc) |(^_^^2Z)3 (/fc^2Z)’ Cok(l3fc+V3fe) (/fc ^ 2Z) ' 

(VII: By Lemmas 13.91 ('2') and 13.171 we have 


Cok(lfe - Vf) ZY Cok((lfe - Vfc)(lfc + xl + xl + XD) ^ 


Cok(lfe+V6) 


(Z/2Z)^ (d=l,3,2,6) 
Z^/2 (d = 4^ 12) 


Cok(lfe + X"^) — 


rZ©(Z/4Z)'^-i 
J ^(d+ 2)/2 ^ (^/ 2 Z)('^- 2)/2 

1 ^( 3 d+ 4)/4 

rz/2z (d=l,3) 
i(Z/2Z)2 (d = 2,6) . 
[Z^ (d = 4,12) 


(d=l,3) 

(d = 2,6) , 

(d = 4,12) 


(VIII: AEii, 2 k, 2 ) By Lemmas 13.91 ('2L 15.181 and 13.191 we have 


r z^ 

(d=l,3) 




Cok(l 2 fe + ^ \ (Z/2Z)2rf 

(d = 2,6) 

7 



[^zV2 

(d = 4,12) 

1 

fz^ 

(d=l,3) 

Cok [(I 2 A; — V 2 A;)(l 2 /c + v|j. + V|j. + X^Y) 1 

2 k + x!^-Y = \ 

(Z/2Z)(3'^+2)/2 

(d = 2,6) 



1 

[^ZV2 

(d = 4,12) 

Cok[l 2 / 0 +V|, l 2 fc+V 2 \-®]=j 

f {Z/2ZY 

yZd /2 

(d=l,3,2,6) 
{d = 4,12) 



1 

(Z/2Z) 

(d=l,3) 



Cok [I 2 /C + l 2 /c + V 2 J, ®] = ( 

(Z/2Z)2 

(d = 2,6) . 




[z^ 

(d = 4,12) 
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(IX: By Lemmas 13.91 12^ and 13.111 we have 


Cok(lfe + Xl) ^ 


UzI 2 ZY (d=l, 3 , 9 ) _ W , 

j ^d./2 / J r> ^ 1 o\ ’ LOk(lfc Afe + A^ J _ 


((i = 2,6,18) 

(X: ^Es,k,i) By Lemmas 13.91 f2l and 13.201 we have 

/ iz/2zr 


0 

(d=l) 

{Z/2Zf 

(d = 3,9) 

Z/3Z 

(d = 2) 


(d = 6,18) 


Cok(lfe + Af) ^ 


1,3,5,15) 


2,6,10,30) 

5 

'{Z/2ZY 

(d=l,3,5) 

{Z/ 2 Zy 

(d= 15) 

Zd/2 

(d= 2,6,10) 


(d = 30) 


The proof is completed. □ 

3.5. Calculation of summands in Proposition [3?^ We calculate each cokernel in Proposition 13.21 First, 
we state general properties of the cokernels of matrices. 

Definition 3.8. Let m > 1, p G Z, d = gcd(p, m) and cr G &m be the unique permutation such that X'^ is the 
permutation matrix of cr. We can deduce that a can be decomposed into d cyclic permutations as 

^ - • (d,cr(d),CT2(d),... ,cr«"i(d)), 

where q = m/d. So we can define a permutation rj G ©„ by 

Tjiuq + u) = + 1) (m G {0,..., d - 1}, u G {1,..., g}). 

Now we define Wi,p as the permutation matrix of rj. 

Lemma 3.9. Let m,l > 1, p G Z and d = gcd(p,m), q = m/d and f{x),g{x) G Z[x]. 

(1) We have Cokf{X^) - (Cok/(A,))‘^ and Cok [/(A^ ) g{X//)] - (Cok [/(A,) g(A,)])'^. 

(2) We have 

Cok(l^ - AP ) Z\ Cok{l ■ (1^ - XPJ) {Z/lZr-\ 

Cok[l^-AP 1 -\^\^{Z/IZ)\ CoKl^ + AP)-!^/^^^" 

(3) J/m G 2Z, then Cok/(A™) ^ Cok/(-A^) and Cok [/(A„) g(A^)] ^ Cok [/(-A^) ^(-A™)]. 

(4) We have Im(l ± X//) = Im(l ± X^) and 

Cok [/(A™) 1-AP] ^Cok/(Ad), Cok[/(A„) g(A^) 1 - A^ ] ^ Cok [/(A^) g{Xd)] . 

(5) We have Cok{l ■ s™(-A^)) © {Z/IZ) and Cok [s™(-A^) M^] ^ {Z/lZ)^-\ 

Proof. (1) By definition, we have Y~^pf{X//)Ym,p = f{Xq)®‘^. The proof for the latter assertion is similar. 

(2) If p = 1, they are obvious. The remained case can be reduced to direct sums of the case p = 1 by (1). 

(3) Because m G 2Z, we can consider the diagonal matrix Jm = diag(l, —1,1, —1,..., 1, —1) G GL^iZ). We 

have JmXjyiJjji — X^. 

(4) , (5) Straightforward. □ 

Note that the following lemma can be used only if d > 2. 

Lemma 3.10. Let m > 1, p G Z and d = gcd(p, to) and f{x),g{x) G Z[x]. If d>2, we have 
Cok((l™ - Xm)f{Xl)) - (Cok /(A,))"-1 © Cok((l, - A,)/(A,)), 

Cok [(1™ - A^)/(AP ) g{XPj\ - (Cok [/(A,) g(A,)] © Cok [(1, - A,)/(A,) ^(A,)] . 
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Proof. Because d> 2, we have 


Xm) f {X^)Ym^p — 


and this can be transformed into 


fix,) 

-fix,) fix,) 


-x,fix,) 


-fix,) fix,) 

-fix,) fix,) 


fiX,^®(d-i) 


(1 - x,)fix,)\ ■ 

preserving the blocks. We have the first assertion. 

Now, we have shown that there exists Pdix), Qdix) G GLd(Z[ai]) such that 

■fiX^-,®{d-i) 


PdiX,)Y-lil^ - X^)fiX^)Y^MX,) = , _ x^)fiX,)\ 

Take such Pdix),Qdix). Then Y-^pgiX^)Ym,p = giX,)®’^ and Pdix)igix) ■ ld)Pdix)~'^ = gix) ■ Id imply 


PdiX,)Y-l,giXf^)Y^MX,)-^ = 9iX,)^^. 


Thus, the matrix 


V 0 

m,p ^ 

Qdix,) 

0 

0 Y 

^ m,p 

0 

Pdix,)-\ 


is equal to 


PdiX,)Y-l [(!„ - X^)fiXa giXlf,] 




il-X,)fiX,) 


9iX,)^ 


and it verifies the second assertion. 

Lemma 3.11. Let m > 1, p G Z and put d = gcd(p, k), r = p/d. Then we have 

{ © (Z/rZ) (m e 2Z) 

Coksp(X^) ^ \ Z'^ 


□ 


[(Z/2Z) 


d-l 


m ^ 2Z, p S 2Z) . 
m ^ 2Z, p ^ 2Z) 


Proof. If m € 2Z, then by Lemma [331 (3), we have CokSp(Xm) = CokSp(—Xm). Using the fact 1 — x^ can be 
divided by Spi—x) and Lemma 1331 (4), we have 

Coksp(-Xm) = Cok [sp(-Xm) 1 - X^] ^ Coksp(-Xd) = Cok(r • Sdi-Xd)). 

By Lemma [331 (5), Cok(r • Sdi—Xd)) = Z‘^~^ © (Z/rZ). The proof for m S 2Z is completed. 

If m ^ 2Z and p € 2Z, then 1 — x^ can be divided by Spix). Using this fact and Lemma 1331 141. we have 

Cok Sp(X^) ^ Cok [spiXm) 1 - ] = CokSpiXd). 

Because d = gcd(TO,p) ^ 2Z and p G 2Z, we have CokSp(Xd) = CokO^ = Z‘^. The proof for the case m ^ 2Z 
and p G 2Z is completed. 

If m ^ 2Z and p ^ 2Z, then Spix) divides I + a:*’, and 1 + x^ divides 1 + Thus we have 
CokSp(X™) = Cok [sp(X™) 1 + XP™] ^ Cok [sp(X^) 2 • 1„] . 

The polynomial Spix) — Spi—x) can be divided by 2 and 1 — x^ can be divided by Spi—x). Therefore, we have 
Cok [sp(X^) 2 • 1^] ^ Cok [sp(-X™) 2 • U] ^ Cok [sp(-X^) 1 - 2-1™] 

By Lemma [331 14l and the facts Sp(— X^) = r • Sdi—Xd) and r = p/d ^ 2Z, 

Cok[sp(-X„) 1-XP 2 • U] ^ Cok [sp(-Xd) 2-Id] 

^ Cok [r • Sdi-Xd) 2-ld]= Cok [sdi-Xd) 2 • 1^] . 

By Lemma 1331 151. it is isomorphic to (Z/2Z)'^“^. The proof for the case k ^ 2Z andp ^ 2Z is completed. □ 
We calculate the remained cokernels appearing in Proposition [33] using the previous lemmas. 
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Lemma 3.12 (type I). Let n,k > 1 be integers and n ^ 2Z. Put d = gcd(?T. + 1, k), r = (n + l)/d. Then we 
have 


Cok((U-Xfe)(lfc+4”+')/')) 


Z®{Z/2ZY-^ (re2Z) 

Zid+2)I2 ^ 2Z) ■ 


Proof. Put q = k/d. We can deduce 


gcd((n + l)/ 2 ,fc) 


d (re 2Z) 
d/2 (r (/ 2Z). 


Assume r e 2Z first, then we have q ^ 2Z. Therefore, Lemma HU?! (4) yields 

Cok((lfc - Xk){lk + = Cok((lfc - Xfe)(lfc + Xt)). 


If d = 1, then we have k ^ 2Z and gcd(2, k) = 1. Thus the cokernel is Cok(lfe — X/) = Z. If d > 2, Lemma 
13.101 and q ^ 2Z yield 

Cok((lfc - Xk)ilk + Xt)) = Cok((l, + Xq)f-^ © Cok(l, - XD ^ {Zl2Zf-^ © Z. 

The assertion is proved for the case r e 2Z. 

Assume r ^ 2Z next. Lemma 13.91 Idl yields 

Cok((U - Xk){lk + ^ Cok((lfc - Xu){lk + ')). 


If d/2 = 1, then we have k S 2Z and gcd(2, fc) = 2. Thus the cokernel is Cok(Ifc — X/.) = Z^. If d/2 > 2, 
Lemma [3. 101 and fc/(d/2) = 2q G 2Z yield 

Cok((lfc - Xk)ilk + ")) = (Cok(l2, + © Cok(l2, - Xlg) ^ = 

The assertion is proved for the case r ^ 2Z. □ 


Lemma 3.13 (type II). Let n,k >1 be integers, and n (/ 2Z. Put d = gcd(n + l,k), r = [n + I)/d. Then we 
have 


Cok 


f .1 Y wi I y("+l)/2\ 1 I yfe —(ri+l)/2 

(i2fe — A2fej(,i2fe + ^2fe ) ^2fe + ^2fe 


Proof. Put q = k/d. We can deduce that 

'2d (re4Z) 


r (Z/2Z)'^-1 © (Z/4Z) (r e 4Z) 

^ < (Z/2Z)'^+i (re2 + 4Z). 

[z^/^ {ri2Z) 


(r G 4 Z) 

gcd((n + l)/ 2 , 2 fc)= <( d (rG 2 + 4 Z), gcd(/c - (n + I)/ 2 , 2 /c) = / 2 d (r G 2 + 4 Z) . 

d /2 (r^ 2 Z) [d /2 (r ^ 2 Z) 

Consider the case r G 4 Z first. Then Lemma [ 3 . 91 14 l yields 

Cok [(l2fc - X2fc)(l2fc + l2fc + = Cok [(l2fe - X2fe)(l2fe + l2fe + 

^C0k[2-(l2fc-X2fe) Uk+Xt/^]. 

Assume d = 1 , then we have 

Cok [2 • (l2fc — X2k) l2fe + = Cok [2 • (l2fe — X^k) l2fc + -A2fc] = Cok [4 • l2fc l2fe + X2k\ ■ 

Using Lemma [T 9 ] ( 3 ) and then ( 2 ), we can deduce that 

Cok [4 • l2fc l2fc + X2k\ = Cok [4 ■ l2fe l2k - X2k] = Z/4Z. 

If d > 2 , from Lemma 13 . 101 Cok [2 • (l2fc — -A2fc) l2fe + X^//] is isomorphic to 

(Cok [2 • l2g I29 + X2q] )‘^ ^ © (Cok [2 ■ (l2g — X2q) l2q + X2q] ). 

The first summand is calculated as 


Cok [2 ■ I 25 I 21 J + X 2 q\ = Cok [2 • l 2 g 12 (J ~ X 2 q\ = Z/2Z. 
Similarly to the case d = 1, the second summand can be calculated as 

Cok [2 • (I 2 , - X2q) hq + X2q] ^ Z/4Z. 

Now the proof for the case r G 4Z is completed. 












THE GROTHENDIECK GROUPS AND STABLE EQUIVALENCES OF MESH ALGEBRAS 


21 


Second, we assume r € 2 + AZ. Then Lemma (4) yields 


Cok [{1,, - X 2 k){l 2 k + l 2 fc + = Cok [(l 2 fe - X 2 fe)(l 2 fe + X^,) 

= C0k[{Uk-X2k)ihk+X^^) 2-l2fe], 

where the last equality comes from 1 — can be divided by (1 — a;)(l + Assume d = 1. Then we have 
Cok [(l 2 fe - A 2 fe)(l 2 fe + 2 ■ l 2 fc] = Cok [l 2 fe - Xlfc 2 • l 2 fe] = (Z/2Zf. 

If d > 2, Lemma [3. 101 implies 

Cok [(l 2 fc - A 2 fc)(l 2 fc + x!^) 2 • l 2 fe] = (Cok [l 2 , + A 2 , 2 • l 2 g] © Cok [I 2 , - 2 • I 2 ,] . 

Using Lemma 1531 (2), each summand can be calculated as below; 

Cok[l 29 +A 2 , 2 • l 2 g] = Cok [I 2 , - A 2 , 2 • I 2 ,] = Z/2Z, Cok [I 2 , - 2 - 12 ,] ^ (Z/2Z)2. 

The proof for the case r S 2 + 4Z is completed. 

The remained case is r ^ 2Z. Then Lemma 13.91 (41 yields 


Cok 


^Cok 


(l2fe — A2fe)(l2fe + ^2^^) l2fe + A, 


yi2k — ^2k)\^2k ^2k ) -1-2A: + ^2A: 

^ Cok(l2fc + vV) = 

The proof for the case r ^ 2Z is completed. 

Lemma 3.14 (type V). Let n > 4 and k>\ he integers. Put d = gcd(2n — 2, k). Then we have 

f Z'^/^ {k €2Z, 2Z) 


^d /2 

'-2k 


□ 


Cok [l 2 fc 

Proof. Put q = {2n — 2)/d. We can deduce 
gcd(n — 1, /c) = 

From Lemma [nm (4) and then (2) 


-^n —1 1 Yk I ~ 

^2k -^2fc ■^2k\ — 


y{Z/2ZY (otherwise) 


d/2 {k &2Z, r i 2Z) 
d (otherwise) 


2q e2Z (fee 2Z, r ^ 2Z) 


gcd(n — 1, fc) \q ^ 2Z (otherwise) 


Cok [l 2 fe + X, 


n—1 

2 k 


1 -AM-Cokn {k&2Z,ri2Z) 

^ ^ \{Z/2ZY (otherwise) 


The assertion is proved. □ 

Lemma 3.15 (type V). Let n > 4 and k > 1 be integers and n ^ 2Z. Put d = gcd(2n — 2,k). Then we have 

■ Zd 


Cok 


S 2 n- 2 {X 2 k) l 2 fe + A 2 ;. 


{ Z^ {k G 2Z, r G 4Z) 

(Z/2Z)2^-i {ke2Z, r G 2 + 4Z) 
Z^/^ {k G 2Z, r ^ 2Z) 

Z^-i © (Z/rZ) (fc i 2Z) 


Proof. We can deduce 


gcd(A: — (n — 1), 2 k) — 


'd (fc G 2Z, r G 4Z) 

2d (fc G 2Z, r G 2 + 4Z) 
d/2 {k G 2Z, r ^ 2Z) 
d {ki2Z) 


If fc G 2Z and r G 4Z, then we have (2n — 2)/d G 2Z. By Lemma [3.91 (4) and the fact S 2 n- 2 {x) can be 
divided by 1 + and then Lemma (2), we have 


Cok 


S2n-2{X2k) l2fc + Vfc [s2n-2(A2fe) l2fe + A^] = Cok(l2fe + A^) = Z^'. 


The proof for the case k G 2Z and r G 4Z is completed. 
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If fc G 2Z and r G 2 + 4Z, then we have (2n — 2)/2d G 1 + 2Z. We can deduce S 2 n- 2 {x) — S 2 d{x) can be 
divided by 1 + Therefore, by Lemma [33] (4), the previous fact and Lemma 1331 O'), we have 

Cok S2n-2{X2k) l2fe += Cok [s2n-2 (-’^2fc) hk + 

= Cok [s 2 d(-^ 2 fc) l 2 fe + -^ 2 fe] — Cok [s 2 d( —-^ 2 fe) l 2 fc + -^ 2 fc] ' 

Using the fact 1 — x‘^‘^ can be divided by S 2 d{—x) and Lemma 1331 i5L we can deduce 

Cok [S 2 d(-X 2 fc) l 2 fe + X^i] = Cok [S 2 d{-X 2 k) 2 ■ hk] = (Z/2Z)^‘^-\ 

The proof for the case k G 2Z and r G 2 + 4Z is completed. 

If fc G 2Z and r ^ 2Z, then we have (2n — 2)/{d/2) G 2Z. By Lemma 13791 (4) and the fact S 2 n- 2 {x) can be 
divided by I + and then Lemma [3.91 (2). we have 


Cok 


S2n-2{X2k) l2fc +-^2fc 


^ Cok 


S2n-2{X2k) l2k + X^C] ^ Cok(l2fc + ) - Z^/\ 


The proof for the case k G 2Z and r ^ 2Z is completed. 

If fc ^ 2Z, then we have fc — (n — 1) ^ 2Z. By Lemma [3.91 13l and then (4), we have 


Cok 


S2n-2{X2k) l2fe + X 2 ;. 


^Cok 


S2„-2(-X2fe) l2fc - = C0k(s2„-2(-Xrf)). 


Now S 2 n- 2 (—Xd) = r • Sd{—Xd) and Lemma [3.91 ('51 imply 

Cok(s 2 „- 2 (-Xd)) = Cok(r • Sd{-Xd)) = © {Z/rZ). 

The proof for the case k ^ 2Z is completed. 

Lemma 3.16 (type V). Let n > 4 and k > 1 be integers and n G 2Z. Put d = gcd(2n — 2,k). Then we have 

' Z^!'^ {k€2Z) 


□ 


Cok [l 2 fe + X 2 V' (1 - X^,)Sn-l{X 2 k)] = 
Proof. We can deduce 

gcd(n — I, 2k) = 


zd—l 


(Z/rZ) {k i 2Z) 


d/2 {k G 2Z) 
d {k(/ 2Z) 


If fc G 2Z, then we have k/{d/2) G 2Z. Lemma [3.91 141 and the fact 1 — can be divided by I + x'^/^ yield 
Cok [l 2 fc + Xlf-^ (I - X 2 \)s„_i(X 2 fe)] ^ Cok [l 2 fe + (I - X 2 \)s„_i(X 2 fe) 

^ Cok{l2k + X^i^) ^ Z<^/^. 


The proof for the case k G 2Z is completed. 

If fc ^ 2Z, then we have d ^ 2Z. Lemma 1331 (4) and the fact I + x^ can be divided by 1 + x'^ yield 
Cok [l 2 fe + X^-^ (I - X 2 \)s„_i(X 2 fc)] ^ Cok [l 2 fe + X 2 ^fc (I - X 2 \)s„_l(X 2 fc)] 

^ Cok [l 2 fe + X 2 ^fc 2-S„_i(X2fe)] . 

By Lemma [ 3 . 91 13l and then (4), we have 

Cok [l 2 fc + X 2 fc 2 • s„_i(X 2 fc)] = Cok [l 2 fc — X^j^ 2 ■ s„_i(—X 2 fe)] = Cok [2 • Sn_i(—X^)] , 
and then s„_i(—X^) = {r/2)sd{—Xd) and Lemma [3.91 15l imply 

Cok [2 • s„_i(-Xd)] = Cok [2 • {r/2)sd{-Xd)] = Cok [r • Sd{-Xd)] = © {Z/rZ). 

The proof for the case k ^ 2Z is completed. 

Lemma 3.17 (type VII). Let k > 1 be an integer. Put d = gcd(12,fc). Then we have 

rZffi(Z/4Z)^-i (d=l,3) 

Cok((lfc-Xfc)(lfc+X| + x6 + X9))^ iz(‘'+2)/2g3(_^/2Z)(^-2)/2 (d = 2,6) . 


□ 


2(3d+4)/4 


(d = 4,12) 
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Proof. From Lemma 13.91 (4), we can deduce 

Cok((lfe - Xfc)(lfe + xl + XI + XD) = Cok [(U - Xk){lk + xl + x! + xl) U - xl^] 

^ Cok((lrf - Xa){U + xl + xl + XD). 

Assume d = 1,2, 4. Then Cok((ld - Xd){ld + + A® + Xj)) = CokOd = Z‘^. 

Assume d = 3,6,12. Lemma Td. 101 can be used and then the cokernel is isomorphic to 

(Cok(ld /3 + Xd /3 + Ajyg + © Cok((ld/g - Xd/ 3 ){ld /3 + Xd /3 + Ajyg + Ajyg)) 

= (Cok((12/d) • S(i/g(—Arf/g)))^ © CokOd/g. 

From Lemma 13.111 it is isomorphic to 

(^d/3-i ^ ^zf{12fd)Z))^ © = Z‘^-‘^ © (Z/(12/d)Z))2. 

We can easily check that the assertion holds. 


□ 


Lemma 3.18 (type VIII). Let k > 1 be an integer. Put d = gcd(12,fc). Then we have 

(Z‘^ (d=I,3) 

Cok [(l 2 fc - X2k){l2k + A|, + A|, + A|,) l 2 fc + (Z/2Z)(3rf+2)/2 (d = 2,6) 

(d = 4,12) 


Proof. If d = 1 , 3 , then we have gcd(/c — 6 , 2 k) = d and I ©a:'^ can divide (1 — x)(l +a:^ + cc® + a:®). From Lemma 
13 . 91 141 . we can deduce 

Cok [(l2fe - A2fe)(l2fe + A|j, + A^^ + Xlff) l2fe + X^f. ®] 

= Cok [(I2/C — A2/c)(l2fc + Xli^ + X^y. + X2]f) I2/C + X2ff\ = Cok(l2fe + A2fc) = Z'^. 

The proof for the case d = 1 , 3 is completed. 

If d = 2 , 6 , then we have gcd(I 2 , 2 k) = 2 d. From Lemma[H!l]( 4 ), we can deduce 

Cok [(l2fc - A2fe)(l2fe + A|j, + A|^, + A^j.) I2fc + X21. 
-Cok[(l 2 fe-A 2 fe)(l 2 fe+A|,+A|,+A|,) l 2 k-Xll hk+X^^^] 

- Cok [(l2fe - X2k)ihk + A|, + A|, + A|,) l2fe - Xll l2fe + X^-^] . 

From Lemma [ 3.91 (A) and the fact that 2 d divides fc — 6 , it is isomorphic to 

Cok [(l2d - A2d)(l2d + A|^ + A|^ + A|^) l2fe + X2d 
^ Cok [(l2d - A2d)(l2d + A|^ + A|^ + A|J 2 • l2d] . 

If d = 2 , this can be calculated as 

Cok [(l2d - A2d)(l2d + A|^ + A|^ + A|J 2 ■ l2d] = Cok [(I4 - A4)(l4 + A| + A| + A|) 2 • I4] 

^ Cok [O4 2 • I4] = (Z/ 2 Z) 4 . 

If d = 6 , we have 


Cok [(l 2 d - A 2 d)(l 2 d + A|^ + A|^ + A|J 2 • l 2 d] = Cok [(I 12 - Ai 2 )(ll 2 + XI 2 + XI 2 + A? 2 ) 2 • I 12 ] . 

Apply Lemmas 13.101 and 13.Ill then it is isomoprhic to 

(Cok [I 4 + A 4 + A 4 + A 4 2 ■ 14 ] © Cok [(I 4 — A 4 )(l 4 + A 4 + A 4 + A 4 ) 2 ■ 14 ] 

= (Cok [s 4 (-A 4 ) 2 • I 4 ] © Cok [O 4 2 - 14 ] ^((Z/2Z)3)2©(Z/2Z)4 = (Z/2Z)1°. 

The proof for the case d = 2 ,6 is completed. 

If d = 4,12, then we have gcd(fc — 6 , 6 ) = d/2 and 1 + can divide (1 — x)(l +x^ + x® + x®). From Lemma 
13.91 (4), we can deduce 


Cok [(l 2 fe - A 2 fe)(l 2 fe + A|^ + A|^ + A|j,) l 2 fe + X 2 f, ®] 


^ Cok 


(l2fc - A2fc)(l2fc + Al, + A|, + A|,) l2fc + A2"/"1 = Cok(l2fe + X^i^) - 


The proof for the case d = 4,12 is completed. 


□ 
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Lemma 3.19 (type VIII). Let k >1 he an integer. Put d = gcd(12, k). Then we have 


Cok [l 2 fc + l 2 fe + X, 


fe-61 

2 k J 


(Z/2Z)^ 

(d = l,3,2,6) 

^d /2 

{d = 4,12) 

(Z/2Z) 

(d=l,3) 

(Z/2Z)2 

(d = 2,6) . 

Z^ 

(d = 4,12) 


Proof. Using Lemma 1531 and then (2), it is easy to see 

Cok [l 2 fe + Vffc l 2 fe + X^-^] ^ Cok [l 2 fe + l 2 fe - VIJ ^ Cok(U + x^) 

Uz/ 2 ZY (d=I,3,2,6) 

(d = 4,12) 

The remained assertion can be also proved similarly. 

Lemma 3.20 (type X). Let fc > 1 he an integer. Put d = gcd(30, fc). Then we have 


□ 


{Z/2ZY 

(d= 1,3,5) 

(Z/2Z)7 

(d= 15) 

^d /2 

(d= 2,6,10) 

z^ 

II 

CO 


Cok((u - Vfe + Xi)(lu + XD) - ^ ' 


Proof. Assume d = 1, 3, 2, 6, then we have gcd(5, k) = 1. Lemma 1531 141 yields 

Cok((lfc - Afc + Xi)iU + XD) ^ Cok((U -Xk+ XiYU + Xk)) 

i{Z/2ZY (d=I,3) 


= Cok(l/c + Xj^) = 


^ 2 ;d /2 


(d = 2,6) 


Assume d = 5, 15,10, 30, then we have gcd(5, k) = 5. We have Yj, ^ (1^ — Xk + A^)(lfe + X^)Yk ^5 is equal to 


Xk/5 + 


-Xk/5 - ^kjY 


Xkj5 + ^fe/5 


lfe/5 + Xik/5 

— ^k/5 — Xk/5 lfc/5 +-^fc/5 
lfe/5 + -^fe/5 ~lfe/5 ~ Alfc/s lfe/5 + Afc/5 

lfc/5 + Alfc/s —lfc/5—Alfc/s lfe/5 + Alfe/s 

lfe/5 + Alfe/5 —^k/5 — Xk/5 lfc/5 + Alfc/s _ 

It is transformed into 


(lfc/5 + ATfc/s)®^ 


(lfc/5 + -^fc/ 5 )®^ 

lfe/5 ~ ^k/5 ^k/5 + ^k/5 

and 

lfc/5 + 

— ^kj5 — Xk/5 lfe/5 


lfc/5 / 5 


Thus we have 


Cok((lfe — Xk + Xl){lk + X^)) = (Cok(lfc/5 + Xk/YY ® ®ok(lfe/5 + V^/5) 

^ f (Z/2Z)4 © [ZI2ZYI^ {d = 5,15) 
”1z^®Z‘^/i° (d=10,30)’ 


Now, the assertion can be proved easily. 


□ 


4. Maximal rigid and cluster-tilting objects 

In this section, we deal with maximal rigid and cluster-tilting objects of the stable module categories of 
finite-dimensional mesh algebras and use them as invariants of stable equivalences. In the rest, we assume that 
K is an algebraically closed field. Let Q = QA,i,t be a translation quiver in Definition 12.61 and A = be 

the corresponding hnite-dimensional mesh algebra. 

We consider an automorphism A ^ A and construct an autoequivalence on mod A from /i as follows. 
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Definition 4.1. Let Q = ^ and /i.: vl —^ be an automorphism on the iL-algebra yl. We 

define an autoequivalence /i*: modyl —>■ modyl as /i, = (? (lyl^-i)), where the right action of yl on lyl^-i 

is defined by a; • A = a;/i“^(A) in a: G and A G yl. 

If functor /r, is restricted to the projective yl-modules, then /r* also acts on mod yl. 

If p G Auttr Q is an automorphism on a translation quiver Q, we naturally extend p to a natural automorphism 
p: yl —>■ yl, and define the functor p*: modyl —>■ modyl as above. The functor p* is restricted to the projective 
yl-modules. We consider the quotient quiver of Q by p, and define the push-down funtor and the pull-up functor. 

Definition 4.2. Let Q = QA,i,t, yl = ^A,i,t, and p G Auttr Q such that its order on Q is m. We say p is free if 
P^ (m) 7 ^ u for any u G Qo and j = 1 ,..., m — 1 . If p is free, we write Q/{p) for the quotient translation quiver 
of Q by p, and Aj (p) for the corresponding quotient mesh algebra. 

The push-down functor : mod A ^ mod(A/(p)) is defined as follows; for M G mod A, is a A/(p)- 

module such that d>p{M)eu = Mepi(^u) for u G {Q/{p))o and that the action of d G Qi on <Pp{M) is the 

direct sum of the actions of a,p{a),... ,p™“^(a) G Qi on M. The pull-up functor Wp-. mod(A/(p)) mod A 
is defined as follows; for M' G mod(A/(p)), Wp{M') is a A-module such that •Z'p(M')e„ = M'cu for u € Qo and 
that the action of a G Qi on Wp{M') coincides with the action of d G (Q/(p))i on M'. 

The functors <Pp and 'I'p are restricted to the projective modules, thus they induce the functors between 
mod A and mod (A/(p)). 

We recall the Serre functor of a triangulated category here. The Serre functor of a Horn-finite iL-linear 
additive triangulated category T is a functor S such that Hom 7 -(X, F) = D\iom-riY, SX) holds functorially 
for X,Y G C (D denotes the AT-dual Homi<'(?, AT)). It is unique up to functorial isomorphisms, and commutes 
with triangle equivalences. Explicitly, mod Aa 11 has S = [—1] oi/ as the Serre functor, where v is the Nakayama 
functor DAAj^t)'- modA/i^pt —>■ mod A /\77 (see [ASSl IV.2.4, IV.2.13]). 

We have the following properties. 

Proposition 4.3. Let A = Aa^i^tA' = AA',v,t' be finite-dimensional mesh algebras and F: mod A —>■ mod A' 
be a stable equivalence as triangulated categories. 

(1) Let S,S' be the Serre functors of mod A. mod A', and [1],[1]^ be the shifts of mod A. mod AL We have 
F{[-2] oS)^ ([-2]' o S')F on mod A'. 

(2) Let Q = Aa^a- Then [—2] o S satisfies the following. 

(i) If A is type II, i.e. A = AA„, 2 k, 2 , then [—2] o S = on mod A for some automorphism 

0: A ^ A such that 0{eu) = e„ for u G Qo and that 0{a) is a or —a for a G Qi. 

(ii) If A is type III, i.e. A = AA„, 2 k-i, 2 , then [—2] o S = on mod A for the automorphism 

k: A —>■ A such that nfeu) = for u G Qo and that K{a) = —a for a G Qi. 

(iii) In the other cases, we have [—2] o S = on mod A. 

(3) Assume A Ai. The order of the functor [—2] o S on mod A up to functorial isomorphisms is I if A is 
not type III, and is I or 21 if A is type III. 

Proof. (1) It is well-known. 

(2) We only prove (i). The other assertions are similarly proved. We have [3] = u o r* o 0* from |Dug[ 

Proposition 5.5]. We also have S = [—1] o jy. It is easy to see [1] or, = r, o [ 1 ], thus we have = [—2] o S. 

(3) By (2) and [ASl Proposition 4.4], it is easy to see that ([—2] o Sf = id if A is not type III and that 
([—2] o = id if A is type III. 

On the other hand, a simple A/i_pt-module Su is a nonzero object in mod Aa i f by the assumption A\. 
It is easy to see that ([—2] o Sy{Su) = S^-iu and that S^-iu — Su in mod Aa implies = u. By the 

construction, I is the minimal integer i > 1 such that = u holds for every u G {QA,i,t)o- 

Now the assertion is easily obtained. □ 

Now we state the definition of cluster-tilting objects. 

Definition 4.4. Let A be a finite-dimensional self-injective AT-algebra, C be mod A or mod A. Assume that T 
is an object in C and let addc T C C be the full subcategory of objects which are direct summands of T™ for 
some m. 

(1) We say T is rigid if Fxt\(T,T) = 0. We say T is maximal rigid if T satisfies the following; T is 
rigid, and if 17 G mod A satisfies that T © 17 is rigid then 17 G addc T. We say T is cluster-tilting if 
addc T = {M G C 1 ExtA(M, T) = 0} = {M G C ] ExtA(T, M) = 0}. 


























26 


SOTA ASM 


(2) Let F: C M- C be an autoequivalence. We say T is F-stable if F{T) = T in C. We say T is F-stable 
rigid if T is F-stable and rigid. We say T is maximal F-stable rigid if T satisfies the following; T is 
F-stable rigid, and if 17 G mod A satisfies that T © 17 is F-stable rigid then U G addc T. We say T is 
F-stable cluster-tilting if T is F-stable and cluster-tilting. 

It is clear that a cluster-tilting object is always maximal rigid. We also define the symbols of the number of 
indecomposable direct summands. 

Definition 4.5. Let 7l be a finite-dimensional self-injective Tf-algebra and T be an object in mod 7l. Decompose 
T as T = in modTl with pairwise nonisomorphic indecomposable direct summands and 

nii > 1 for all i. Then we write |T| = 1. Moreover, T is called basic if = 1 for all i. If exactly I' of I modules 
Ti,... ,Ti are nonprojective, then we write |T|np = I'■ 

Note that if T is a cluster-tilting object in mod A, then T contains yl as a direct summand, and thus 
iT'Inp = IT'I ~ w, where m is the number of the isomorphic classes of indecomposable projective yl-modules. 
Clearly, the basic cluster-tilting objects in modvl correspond bijectively to the basic cluster-tilting objects in 
mod 7t. 

The following proposition on the number of the indecomposable direct summands of a cluster-tilting object 
is very important. 

Proposition 4.6. |Iya[ 5.3.3, Corollary] Let A be a finite-dimensional self-injective K-algebra. If Ti and T 2 
are cluster-tilting objects in modyl, then we have |Ti| = \T 2 \ and |Ti|np = | 72 |np- 

Now we recall an important result on cluster-tilting objects for preprojective algebras. This associates reduced 
expressions of the longest element of the Coxeter group to cluster-tilting objects. 

Definition 4.7. Let Z\ be a Dynkin diagram with n vertices. We assume that the vertices are numbered as in 
Subsection 2.3. 

The Coxeter group W = Wa associated to A is defined as follows; the generators are si,... ,s„ and the 
relations are (i) sf = Iw, (h) SiSj = SjSi if there exists no edge between vertices i and j in A, (hi) SiSjSi = SjSiSj 
if there exists exactly one edge between vertices i and j in A. 

For an element w G W, the length of w is a minimum number I such that there exists a sequence (ii,..., ii) 
such that w = Si-^ ■ ■ ■ Sii- An element w G W with the maximum length is called a longest element. 

The Coxeter group W = Wa associated to a Dynkin diagram is a finite group, and in this case, there uniquely 
exists a longest element in W. The length of the longest element is nc/2, where c = ca is the Coxeter number 
of A. For the detail of Coxeter groups, see m- 

Proposition 4.8. [BIRSl Theorem III.3.5, Corollary III.3. 6 ] Let A be a Dynkin diagram with its vertices 
{1,... ,n}, W = Wa be the Coxeter group, c = ca be the Coxeter number, and A = Aa,i,i be the preprojective 
algebra. Put the ideal Ii = yl(l — ei)A C A for i = 1,... ,n. 

Let ® reduced expression of the longest element of W and put = ei^{AjIi^ ■ ■ ■ 

for m = 1,..., nc/2. Then we have a basic cluster-tilting object T' = ^ mod A, where each Tf, has a 

simple top and is indecomposable for m = I,..., nc/2. Especially, we have \T'\ = nc/2 and |T^|np = n{c — 2)/2. 

We will extend Proposition 14.81 for general mesh algebras. 

Lemma 4.9. Let Q — Qa.i.i, A = AA,i,t, and p G Auttr Q he free with its order m. Suppose 77 G Auttr Q and 
fj G Auttr(Q/ (p)) satisfy gpij = fjqp, where qp'. Q ^ Q/{p) is the quotient morphism of translation quivers. 

(1) Assume that T is a p,f-stable, rj^f-stable rigid (resp. cluster-tilting) object with T = 

mod A. Then T' := *I>p{U) is fj.,-stable rigid (resp. cluster-tilting) object in mod(A/(p)) and we have 
\T'\ > \T\/rrL and |T^|np > |P|np/w. Moreover, if T is basic, then T' is basic and \T'\ = |T|/to and 

iT’^lnp = \T\np/ni. 

(2) Assume T' is an fjt,-stable rigid (resp. cluster-tilting) object in mod(A/(p)) with T' = <I>p{U) for some 

U G mod A. Let T := 'Fp{T'), then T = pl(U) and T is a Pi,-stable, Tq^^-stable rigid (resp. 

cluster-tilting) object in mod A. Moreover, ifT is basic, then we have |r| = m|r'| and |T|np = m|r'|np. 

Proof. (1) Assume that T is a p*-stable, 77 »-stable rigid object with T = Pl{U) in mod A. Note that the 

functor (Ip : mod A —mod(A/{p)) sends the projective A-modules to the projective A/(p)-modules and that it 
is exact, we have 

m— 1 

Ext\/^p^{T',r) = Ext\/^p^{(Ip{U),<Ip{U)) - 0 Ext\{pl{U),U) = Fxt\iT,U) = 0, 

2=0 
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and T' is rigid. 

Now we consider numbers of indecomposable direct summands. Note that 4>p{M) may not be indecomposable 
even if M is indecomposable in mod/I. 

Assume that two indecomposable modules Mi, M 2 in mod A satisfy that <Pp{Mi) and <Pp{M 2 ) have a common 
indecomposable direct summand M'. Then Wp{<l>p{Mi)) = 0™o^p*(Afi) and !P'p(^p(M 2 )) = 
have a common nonzero direct summand '^p{M'). Thus Mi is isomorphic to p\{M 2 ) for some i = 0,1,..., m — 1, 
and we have ^p(Mi) = $p{M 2 ). Therefore, we have \T'\ > |T|/m and |r|np > \T\np/'m. 

If T is basic, then U is basic and any two modules of U, p*{U ),..., p'^~^{U) have no nonzero common direct 
summands. In this case, <?p sends the pairwise nonisomorphic indecomposable direct summands of U to the 
pairwise nonisomorphic indecomposable direct summands of T, see |Gabl 3.5, Lemma]. Therefore, T' must be 
also basic and we have \T'\ = |17| = \T\/m and |T'|np = |17|np/m = |T|np/m.. 

Now we additionally assume that T is cluster-tilting. It is easy to see that T' contains A/{p) as a direct 
summand. By |Iya[ 5.1, Theorem], the global dimension of Endn T is at most 3. Thus there exists a projective 
resolution 

0 ^ Hom^(T, 1 / 3 ) ^ HomA(T, U 2 ) ^ Hom^(T, Ui) Hom^(r, U) HomA(r, t7)/rad^(r, U) 0. 

Put T'j — <Pp{Uj) for j = 1, 2, 3. We have 

0 —>■ Homyi/^p^ (T'j Tg) —>■ Homyi/^p) (T', T 2 ) —^ Homyi/^p^ (T^, T]) —>■ Homyi/^p^ (T^, T') 

^ Homyi/^p^ (T^, T')/radyi/^p) (T^, T') —>■ 0 , 

because T = 0™o^ P\{U). This sequence shows the global dimension of Endpi/(p) T' is at most 3. Using 
5 . 1 , Theorem] again, T' is cluster-tilting. 

(2) Let T' be an ^,-stable rigid object in mod(A/(p)) with T' = <Pp{U) for some U G mod A. By the 
construction of the functor, it is easy to see that ^p{<l>p{U)) = 0™ pHU) — T. We have 

m —1 

Ext;i(r,r) = 0 Ext\{pl{U),T) - Ext\^^p^{<l>p{U),<Pp{T)) - Ext\/^p^(T', (T')"*) = 0 

i=0 

and T is rigid. 

Now we additionally assume that T' is cluster-tilting. Let M be an object in mod A with Ext\{T,M) = 0. 
We have 

m—1 

Ext\,^^^{T',<l>p{M)) = Ext]i/^p)(<l>p([/),<?p(M)) - 0 Ext^(pU[/),M) = Ext\{T,M) = 0. 

Because T' is cluster-tilting, <Pp{M) is in addmod(A/<p>) T'. This implies that ^p{<Pp{M)) = 0™q^ pI{AI) is in 
addmodAU, and especially, M is in addmodAU- We can similarly show that if an object X in mod A satisfies 
Eyit\{X,T) = 0, then AT is a direct summand of T. Therefore, T is cluster-tilting. 

The remained part is deduced by the part (1). □ 

Lemma 4.10. In the setting of Proposition \4-S\ let k > 1 be an integer and consider the two functors 
<Pr ■ modA/i^fc^i —^ mod and 'Pt' modA/i^i i —^ mod A/ijc^i. Then there exists an object U in vaodAA^k,! 

satisfying that <I>r(U) = T' and that is basic and that each indecomposable direct summand ofTriT') has 

a simple top. 

Proof. We show that there exists an object U in modA/i^fe^ satisfying that (i) ^t(U) = T' and that (ii) U is 
basic and that (iii) each indecomposable direct summand of U has a simple top and that (iv) any two modules of 
U, ..., T^~^{U) have no common indecomposable direct summand. If it is shown, the assertion is proved 

by-z'r(n = 0-Jo^:(c^)- 

We can define a Z-grading on the preprojective algebra Aa,i,i as follows; the degree of the idempotent Ci for 
each vertex i G (Qa, 1 , 1)0 is 0 and the degree of each arrow {i —)■ j) G (Qa, 1 , 1)1 is 0 if z < j and I if z > j. For 
a finite-dimensional Z-graded Aa, 1 , 1 -module M', we associate the following (non-graded) finite-dimensional 
AA,;s,i-module M; the vector space Me(^^^a+kz) = 0bea+fcz(^^6*)fc for o^ch {i,a + kZ) G (QA,fe,i)o, where 
{M'ei)b is the degree b part of the Lf-vector space M'ep, and the action of each arrow in QA.k.i on M is 
naturally defined by taking the direct sum. Then we have <Pr{M) = M' as non-graded Aa. 1 , 1 -modules. It is 
easy to see that if M' has a simple top then M also has a simple top. 

Therefore, we show that can be a Z-graded Aa, 1 , 1 -module. Because the idempotents ei,... ,e„ and the 
ideals /i,..., /„ are Z-graded by the Z-grading on Aa,i,i, the module can be also Z-graded. Thus, we can 
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take an object U in modA^^k,! such that ^t{U) is isomorphic to = T'. By ProDOsition l4.81 T' is basic 

and each indecomposable direct summand of T' has a simple top, so U is also basic and each indecomposable 
direct summand of U has a simple top. Therefore, (i), (ii), and (hi) are proved. 

We prove the claim (iv). Assume that tI(U) and Ti{U) have a common indecomposable direct summand X 
for some i,j £ {0,1,..., fc — 1} with i ^ j. Then and t^\X) are nonisomorphic indecomposable direct 

summands of U, because X has a simple top. Therefore, 'Pr{X)'^ is a direct summand of ^t{U) = T', but it is 
impossible because T' is basic. The claim (iv) is proved. □ 

Now we can show the existence of a basic ([—2] o 5')-stable (see Proposition 14.31) cluster-tilting object in 
mod A if A is a finite-dimensional mesh algebra except of type III: AAn, 2 k-i ,2 (u £ 2Z) and count the number 
of its indecomposable direct summands. 

Theorem 4.11. Let A = A/\,i,t be a finite-dimensional mesh algebra except of type III and n be the number 
of the vertices of A, c = ca and k = l/t. Then mod A has a basie r^-stable cluster-tilting object T with 
|T'|np = n{c— 2)k/2. Moreover, if A is type II, we can take this T as a T^0^,-stable object. 

Proof. First, we consider the case t = 1. We have I = k. It is easy to see that Qa,i,i = QA,k,i/{T)- From Propo¬ 
sition |T 8 l there exists a basic r*-stable cluster-tilting object T'. The functor <fv: modA/\^i^i —>■ modAA.kp 
sends T' to a basic T*-stable cluster-tilting object T = I/r{T') with |r|np = n(c — 2)k/2 from Lemmas 14.91 (2) 
and 14.101 

Second, we consider the case t = 2. We have I = 2k. It is easy to see that Qa.i,i — QA, 2 k,i/( t). 

By assumption, A is A„ (n ^ 2Z), Dn, or Eq. From |BB] . the following sequence 7 with its length nc/2 

gives the longest element of the Coxeter group of A; if A is A„ (n ^ 2Z), we define 

am = {{n -b l)/2 - (m - I), (n -b I)/2 -b (m - 1)) (m = 2,..., (n -b l)/2), 

/?! — ((u -b l)/ 2 ), Pm — am * Pm — 1 ' am (uT — 2 , . . . , (u -b I)/ 2 ), 7 — Pi ’ P 2 ‘ * * P{n-\-l)/ 2 i 

if A is Dn, we define 

Pi = {n-l,n), Pm = {n-m) ■ Pm-i ■ {n-m) (m = 2 ,..., n - 1 ), ^ = Pi ■ P 2 ■ ■ ■ Pn-i] 

if A is Eq, we define P = (I, 2, 5,4, 6 , 3) and 7 = /3®, where (ai,..., Op) • {bi,... ,bq) denotes the composition 
(oi,..., Op, 61 ,..., bq). The corresponding cluster-tilting object in mod A/ip 1 constructed by Proposition 14.81 is 
■0*-stable by [BIRSl Lemma 3.4.2] and each of its indecomposable direct summands has a simple top. We have 
a basic ■i/'^-stable cluster-tilting object T' in modA/i^^i with jT'jnp = n{c — 2)/2. 

By Lemma HjH (2) and 14.101 the functor mod Aa, 1,1 modAA, 2 k,i sends T' to a basic 0*-stable, Te¬ 
stable (especially (r^^je-stable) cluster-tilting object T = EriT'), and we have |r|np = 2fc|T'|np = n{c — 2)k. 
Lemma 14.101 tells us also that each indecomposable direct summand of T has a simple top, and thus T has 
no (r^^'i/jje-stable indecomposable direct summand. Therefore, there exists a direct summand F of T such that 
T = V 

Next, it is easy to see that QA, 2 k ,2 = QA, 2 k,il By Lemma111, the functor modA/\_ 2 fc.i —t 

mod AAAk ,2 sends F to a basic r*-stable cluster-tilting object T" = <?^fc^(F), and we have iT'^lnp = |'r|np/2 = 
n(c — 2 )fc/ 2 . 

Finally, we consider the case t = 3. We have A = D 4 . The sequence (3,4,1, 2, 3,4,1, 2, 3,4,1, 2) with its 
length 12 gives the longest element of the Coxeter group of Z\ = £> 4 , and the corresponding cluster tilting module 
is x*-stable and each of its indecomposable direct summands has a simple top. From these, we can similarly 
construct a basic T*-stable cluster-tilting object in mod and count the number of indecomposable direct 

summands to the case t = 2 . 

If A is type II, it is straightforward to see that this T" is also 0*-stable, because every indecomposable direct 
summands of T" is the quotient of some indecomposable projective A-module by a product of ideals of the form 
A(1 — ei)A, and because the automorphism 0: A —>• A satisfies that 0{eu) = Cu for u £ Qo and that 9{a) is a or 
—a for a G Qi. □ 

The remained task is on basic ([—2] o 5)-stable cluster-tilting objects for the type III: AAn, 2 k-i ,2 {n £ 2Z), 
and the answer is the following proposition. 

Theorem 4.12. Let n,k>l he integers and assume n £ 2Z. Then we have 

max{|T|np \ T is a Tt:K,t-stable rigid object in mod A^„^ 2 /c-i, 2 } = n{n — 2){2k — l)/4. 

Moreover, there is no T^,K.,-stable cluster-tilting object in modAA„. 2 k-i, 2 - 
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Remark 4.13. Note that commutes with stable equivalences of mesh algebras of type III by Proposition 
lOl and thus Theorem 14.121 gives an invariant under stable equivalences. 

For the oroof of Theorem 14.121 we use some results on 21 j it from m for n £ {4, 6,8,...}. In the part 
(3), [ASl Corollary 5.18] says mod 2t 4 .. i t that 2-Calabi-Yau if the characteristic of K is 2, but in this case, we 
have [3] = id by the part (1), so it is also 5-Calabi-Yau. 

Proposition 4.14. Let n £ {4,6, 8,...}. 

(1) I ASl Corollary 5.5] We have [—3] = k* on mod A 4 ., 1 9 . 

(2) I ASl Theorem 5.10] We have [6] = id on mod 2l4„ 1 9. 

(3) I ASl Corollary 5.18, Theorem 5.19] The stable module category mod 2l4, 1 9 is 5-Calabi-Yau. 

Lemma 4.15. Let n £ {4,6,8,...} and Q = Qa„,i,i, 2l = Aa„,ia and Q' = Qa„,i. 2 , A' = Consider 

the functors : mod A -A mod A' and d/p : mod A' -A mod A. 

(1) If a A'-module M' is rigid, then M' © k^{M') is also rigid. Especially, every maximal rigid A'-module 
is Kf-stable. 

(2) For any A'-module M' , then we have a short exact sequence 0 — M' -A <Pp{'I'p{M')) -A k*(M') —^ 0. 

(3) If a A'-module M' is rigid, then we have <Pp{Eip{M')) = M' © 

(4) Let M' be a A'-module with M' = ‘I>p,{M) for some A-module M. Then we have M' = k*(M') in 
mod A'. 


Proof. (1) We show that = 0 first. By Proposition 14.141 (3), mod A' is 5-Calabi-Yau. 

Therefore, we have {M', k^M')) ^ , M'[3]) ^ Ext\,{M',M') ^ DExt\,{M', M') = 0. We 

have Ext\,{M', M') = 0 and Ext\, {M', Kt,{M')) = 0. Applying the involutive functor k * to them, we have 
Ext}j/(K*(M'), k,(M')) = 0 and Ext\,{K^:{M'), M') — 0. Thus M'©k,(M') is rigid. 

(2) By the definition of functors, (LpifEp^M')) is the following A'-module N'] 

• for each vertex i £ (QOo, = M'd ® M'd holds, and 

• for each arrow {a: i ^ j) £ {Q')i, let /: M'ci -A M'ej the linear map defined by the action of a on 
M', then the action of a on N' is given by the matrix 


0 / 
/ 0 


(if a is the unique loop). 


/ 0 
0 / 


(otherwise). 


We can construct a monomorphism from M' to N' = ^^(!f'^(M')) as M'a is embedded diagonally to N'a = 
M'ei® M'ci. By straightforward calculations, we can see that the cokernel of this monomorphism is isomorphic 
to k*(M'). 

(3) It is easily seen by (1) and (2). 

(4) If M' is indecomposable projective, then M' = k^:{M') in mod A is easy to see. We may assume that 

M' is indecomposable and not projective. By [ASl Corollary 5.5], the functor [—3] in mod A is given by the 
automorphism A —>■ A coming from the quiver automorphism ip: Q ^ Q, and [3] satisfies the same property. 
We have M[3] = ip^,{M) in mod A and the assertion is proved as k„{M') = M'[3] = <I>p{M)\ff\ = = 

(I>p{ipt,{M)) = M' in mod A. Because the dimensions of M' and coincide and M' is indecomposable and 

not projective, we have M' = in mod A. □ 


The following proposition gives a way to obtain a maximal rigid object in mod Aa„_i^ 2 - 

Proposition 4.16. Let n £ {4,6,8,...} and A = Aa„,i,i and A' = Aa„,i, 2 - We consider the functors 
<I>^ : mod A mod A' and : mod A' mod A. 

Let T be a maximal ip.f-stable rigid object in mod A with T = U (B ip*(U) for some U. Then T' := <I>p(U) is 
a maximal rigid object in mod A' and is k* -stable. 

Proof. Assume that M' in mod A' satisfies that T' © M' is rigid. Apply the functor k*, then K.f{T') © Kt,{M') = 
T'®k^{M') is rigid, where k„{T') = T' holds in mod A' by Lemma B.151 (41. By Lemma H.151 (11. r'©M'©K*(M') 
is also rigid, and by Lemma [4.151 (3), it is isomorphic to 'I>p{U © I/p{M')). Applying we have a rigid 
object U ® ip*{U) ® = T © Wp[M'Y in mod A by Lemma |4J] (2). Because T is maximal rigid 

in mod A, Tp[M') must be in addmodaP- Apply the functor 'Pp, then <I>p{T'p{M')) = M' © is in 

addniodA'^¥>(P) = addinodA'^(p(C^) = addmodA'P^- Therefore, M' must be in adda'T', and the assertion is 
proved. The «;*-stableness is deduced by Lemma 14.151 (ll. □ 


We also recall some results on 2-Calabi-Yau triangulated categories. It is well-known that mod A 4 ,, 1 1 is 
2-Calabi-Yau. In the part (2), if Ti and T 2 are basic cluster-tilting objects in mod A and satisfy Ti = (7 © Vi 
and T 2 = 1/ © V 2 with Vi ^ V 2 indecomposable, then we say that T 2 is the mutation of Ti at Vj. 
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Proposition 4.17. Let A be a finite-dimensional self-injective K-algebra with mod vl is 2-Calabi-Yau. 

(1) |IY1 Theorem 4.7, Theorem 4.9] Let V be a rigid object in mod vl. We define two full subeategories 
V C Z C mod /t asV — add mod A Z = {X G modAl | Yyit\{V,X) = 0} and [D] as the ideal of mod A 
consisting of all morphisms factoring through some object in D. Then the category Z/\p\ has a natural 
structure of a 2-Calabi-Yau triangulated category and the natural triangulated functor Z -o- Zl\D\ gives 
one-to-one correspondence between the basic cluster-tilting (resp. rigid) objects of mod A containing V 
and the basic cluster-tilting (resp. rigid) objects of Z/[D\. 

(2) [SEl Corollary 4.9] If there exists a finite set of cluster-tilting objects in mod A closed under mutations, 
then the finite set contains all cluster-tilting objects in mod A. 

(3) |ZZ[ Corollary 3.7] IfTi and T 2 are maximal rigid objects in mod A. we have |7i|np = |72|np- 

(4) |ZZ1 Theorem 2.6] If there exists a cluster-tilting object in mod A, then any maximal rigid object is 
cluster-tilting. 

Though mod4l^„_i^2 is not necessarily 2-Calabi-Yau, we can show the following. 

Proposition 4.18. Proposition \4.17\ (3) and (4) also hold even if A = /Ia„,i ,2 with n G 2Z. 

Proof. We may assume that there exists a maximal rigid object T in mod At. 

By Lemma l4.15l fib every maximal rigid object in mod A a., t 2 is «;*-stable, or equivalently, [3]-stable. With 
Proposition 14.141 (2) and (3), we can show [ZZl Corollary 2.5] similarly in this situation; namely, every rigid 
object belongs to the full subcategory C C mod Al, where C consists of the objects M satisfing that there exists 
a triangle of the form T' ^ M ^ T"[l] T'[l] with T', T" G add mod A T in mod Al. 

By this property, we can prove the functor Hom mod a('C; ?): C/jadd mod A P[l]] modi? is an equivalence 
similarly to |KR[ Subsection 2.1], where [add mod A ^[1]] is the ideal of mod At consisting of all morphisms factoring 
through some object in add mod A P[l], and E = End mod A(P)- Now, the proof and the result of [AIR] Theorem 
4.1] are valid in this situation. 

Let Ti be another maximal rigid object in mod Al. then Hom mod a{T,Ti) is a support r-tilting object in 
modE by [AIRl Theorem 4.1], and we have [Tilnp < |T|np. By exchanging the roles of T and Ti, we also have 
|T"|np < |T’i|np- Thus iTilnp = |?"|np IS proved, and this is the statement of Proposition H?T71 131. 

We additionally assume that T is cluster-tilting. Then we have C = mod Al. see [KRl Subsection 2.1]. In this 
case, [AIR] Theorem 4.1] implies that every maximal rigid object in mod At is cluster-tilting. The statement of 
Proposition |4T7] (4) is true. □ 

Now, we begin the proof of Theorem 14.121 

Proof of Theorem \4.12\ If n = 2, then it is easy to see that every rigid object in modAl^„^i _2 is projective. Thus 
the assertion is clear. From now on, we assume n > 4. 

First, we prove the case k = 1. The translation r: (5 a„,i,2 Qa„,i ,2 is identity. By Lemma 14.151 every 

maximal rigid object M in mod Al 4 „ 19 is K*-stable. Thus by Proposition 14.1^ it is enough to show that 
jP^lnp = n.(n — 2)/4 for some maximal rigid object T' in modAl^„_i _2 which is not cluster-tilting. 

We show that there exists a maximal (/j»-stable rigid object V in modAl^^_i^i with |I4|np = n{n — 2)/2. 

We define a sequence 7 “^ for e = (ei,..., 8 ^/ 2 ) G {±}"/^ as follows; 

am = {n /2 — (to — 1 ), (n -I- 2)/2 -I- (m - 1 )) (to = 2 ,..., n/ 2 ), 

fit = (n/ 2 , (n + 2 )/ 2 , n/ 2 ), fif = ((n + 2 )/ 2 , n/ 2 , (n + 2 )/ 2 ), 

fit = am- fit -1 • (to = 2 ,..., n/ 2 ), 7 ® = /3p ■ fit" ■ ■ ■ fitf/t- 

We write T® for the corresponding basic cluster-tilting object in modAlA„,i,i for the sequence 7 ^ constructed in 
Proposition 14.81 

Fix TO G {1,..., n/2}. Suppose e, e' G satisfy that Sm = 1, e(„ = —1, and = e' for i ^ m. Then we 

have the following things; 

• T^ and are different in exactly one indecomposable direct summand; 

• The unique indecomposable module that is a direct summand of and not of T^ depends on only to, 
not on the choice of e and e', which is denoted by C/+; 

• The unique indecomposable module that is a direct summand of and not of depends on only to, 
not on the choice of s and e', which is denoted by C/“; 

• The Loewy lengths of 17+ and C/“ are 2m — 1, and (/ 5 ,({ 7 +) = ^ 17+. 



















































THE GROTHENDIECK GROUPS AND STABLE EQUIVALENCES OF MESH ALGEBRAS 


31 


Thus, there exists a unique basic rigid ylA„,i,i-niodule V such that, for all e S {±}"/^, T® = 

We can deduce that V is <p*-stable and containing as a direct summand. 

Now we show fo is a maximal (/ 3 *-stable rigid object in mod vl^ , i i. It is well-known that mod yl 4 ,11 is 

2-Calabi-Yau. Let V <Z Z C. mod yl4„ 1 1 as in Proposition 14.171 (1) and F-. Z ^ ^l\P\ be the canonical 

functor. Because V is VJ*-stable, ip^ also acts on Zl\p\. 

For e € it is easy to see that © • • • © U/ 2 ^) does not contain any nonzero i^*-stable direct 

summand. We can also deduce that a finite set {F{Ul^ © • • • © | £ G of cluster-tilting objects in 

Z/\D\ is closed under mutations, and thus all cluster-tilting objects in Z/\I)\ are contained in this finite set by 
Proposition l4.17l 12'). Therefore, there is no cluster-tilting object in Z/\D] containing a nonzero y)*-stable direct 
summand. This implies that P is a basic maximal VJ*-stable rigid object in mod yl4 , 1 1 and modAA„,i,i- It is 
clear that |P|np = n{n — 2)/2. 

We can take some Vi such that V = Pi © because each indecomposable direct summands of P has a 

simple top. By Proposition T' := ^,^(Pi) is a maximal rigid object in modylA„,i, 2 - Because P is basic, we 
have |T'|np = |P|np/2 = n(n —2)/4 by LemmaSH] (1). If this T' is cluster-tilting, = P is a cluster-tilting 

object in modT^^^.i by Lemma HUl (2). but it is a contradiction. 

Now, we have shown that |T^|np = n{n — 2)/4 for any maximal At*-stable rigid object T' in modyl^„_i^ 2 , and 
that modylA„,i ,2 has no K*-stable cluster-tilting object. The proof for the case fc = 1 is completed. 

Now, let fc > 1 be general. It is easy to see that Qa„, 1,2 = QA„, 2 k-i, 2 /{p’) with ip G Auttr Qyi„, 2 fe-i ,2 free, 
and that T,K»-stableness in modyl^^_2fe-i,2 implies (/J*-stableness in modyl^^_2fe-i,2- 

Let r be a (/5,-stable rigid object in modylA„, 2 fc-i, 2 - We prove that |r|np < n{n — 2)(2fc — I)/4. We may 
assume that there exists an object U in modT^„^ 2 fc-i ,2 such that T = p\{U). By Lemma HU] (I), 

T' = ^ip{U) is a rigid object in modylA„,i, 2 , where modyl^„_ 2 fe-i ,2 —>■ niodyl^^_i^ 2 - We have |T|np < 
(2fc — l)|r'|np < n{n — 2)(2fc — l)/4 by Lemma IT^ (1) and the first statement for fc = I. We have seen that T' 
is not cluster-tilting and so T cannot be cluster-tilting by Lemma IT^ 111. 

On the other hand, we have shown that there exists a basic (/J,-stable rigid object P in modyly 4 ^_i_i with 
|P|np = n{n — 2)/2 as a direct summand of a cluster-tilting object in modylA„,i,i obtained by Proposition 14.81 
Similarly to the proof for the case t = 2 in Theorem 14.Ill using Lemmas 14.91 (2) and 14.101 we can construct a 
basic r,-stable rigid object in modylA„, 2 fe-i ,2 with \(l>T.k^{FT{V))\np = n(n — 2)(2fc — l)/4, where 

modylA„, 2 fe-i,i —modyl^^_ 2 fe-i, 2 - We can straightforwardly check this rigid object is T,K,-stable. The 
proof is completed. □ 

Theorems 14.111 and 14.121 imply the following. 

Corollary 4.19. Let A = A^^pt be a finite-dimensional mesh algebra. Then mod A has a ([—2] o S)-stable 
cluster-tilting object if and only if A is not type III. 

5. Proof of Theorem 11.21 

The aim of this section is to prove Theorem 11.21 As in the previous section, K is supposed to be an 
algebraically closed field. For simplicity, we call a triangle equivalence between stable module categories a stable 
equivalence. First, we deduce the part (2) from the part (1) of Theorem 11.21 

Proof of {1) (2). Assume that A and A' are derived equivalent. Then they are stable equivalent |Ricll 
Corollary 2.2]. From (1), it remains to show that Q = Q' holds also in the case A = A' = Ai. We can write 
p = and p' = because ip = id. In this case, = iFo(T*'^(mod T)) = Ko{D^(mod A')) = holds. We 
have k = k' and thus Q = ZA\I{t^) = ZA^j (r^ ) = Q'. □ 

Now we begin the proof of Theorem II.2I (1). For each mesh algebra, we have defined its type I,... ,X in 
Definition 12.61 We may exclude the case A = Ai, because vaod AA i t is a zero category if and only if Z\ = Ai. 
We first use three kinds of invariants of mesh algebras under stable equivalences. The values of these invariants 
are written in Tabled] 

(a) The maximal number of pairwise nonisomorphic indecomposable nonprojective direct summands of a 
([—2] o Sj-stable rigid object in m.odAA,i,t iTheorems 14.11114.121 and Remark [4.13]) . 

(b) The order of the autoequivalence [—2] o 5 on mod Aa iProposition 14.31) . 

(c) The quotient (a)/(b). 

The following proposition is easy. 
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type 

{A,l,t) 

(a) 

(b) 

(c) 

I 

{Arif kf 1 ) 

n{n — l)k/2 

k 

n{n — l )/2 

II 

(A„,2fc,2) {n i 2Z) 

n{n — V)k/2 

2 k 

n(n — l)/4 

III 

(A„,2fc- 1,2) in £ 2Z) 

n(n-2)(2fc-l)/4 

2 k — 1 or dk — 2 

n{n — 2)/4 or n{n — 2)/8 

IV 

{Dn,k,l) 

n(n — 2 )fc 

k 

n(n — 2 ) 

V 

(Il„, 2 fc, 2 ) 

n(n — 2 )fc 

2 k 

n(n — 2)/2 

VI 

(ZI 4 ,3/c, 3) 

8 k 

3k 

8/3 

VII 

(A 6 ,fc,l) 

30k 

k 

30 

VIII 

{Ee,2k,2) 

30k 

2 k 

15 

IX 

{Er,k,l) 

56k 

k 

56 

X 

{Es,k,l) 

ll2k 

k 

112 


Table 2. The types and the invariants 


Proposition 5.1. Assume that mod A— mod A^'i' f with A, A' ^ Ai. If (A,l,t) and {A',1'^t') are the 
same type, then we have {A,l,t) = [A',l',t'). 

Proof. The values of (a), (b) and (c) determine {A,l,t). □ 

We will show the following proposition. This and Proposition 15. II imply Theorem 1 1.21 

Proposition 5.2. Assume that mod A a, i,t — mod A^' u n with A,A' ^ Ai. Then {A,l,t) and {A',l',t') are 
the same type. 

We first prove that Proposition IS. 21 holds if one of two mesh algebras are type III or VI-X. 

Lemma 5.3. Assume that mod vlA i f = mod vl/s' jr t/ with A, A' ^ Ai. If {A',1',t') is type III or VI-X, then 
(A,l,t) is the same type as {A',l',t'). 

Proof. By Proposition 14.31 (1), existence of a ([—2] o 5')-stable cluster-tilting object is invariant under stable 
equivalences. By Corollary 14.191 if {A',l',t') is type III, then {A,l,t) is type III. 

Let {A',V,t') be type VI-X, and assume {A,l,t) is not the same type as {A',V,t'). Comparing the values 
of (c), there are only three kinds of possibilities; (i) {A,l,t) = and {A',V,t') = {EQ, 2 k', 2 ), (ii) 

{A,l,t) = (Zl 5 ,fc, 1) and {A',l',t') = {EQ,2k',2), (iii) {A,l,f) = {DiQ,2k,2) and {A',l',t') = {Es,k',l). From 
Theorem ll.il it is straightforward to show that the Grothendieck groups of the stable categories do not coincide 
in the possibilities (i)-(iii). □ 

We next prove that Proposition 15.21 holds if A' = A 2 , A 3 . 

Lemma 5.4. Assume that mod Aa i t = mod Aa' /'y' with A, A' Ai. If A' is A 2 or A 3 , then {A,l,t) is the 
same type as {A',l',t'). 

Proof. If A' = A 2 and t' = 2 (type III), the assertion is proved by Lemma 15.31 

The remained cases are (i) A' = A 2 and t = 1 (type I), (ii) A' = A 3 and t = 1 (type I), (iii) A' = A 3 and 

t = 2 (type II). In these cases, the assertion is obtained by comparing the values of (c). □ 

Now, we only have to consider the types I, II, IV, V with A ^ Ai, A 2 , A 3 . 

We can also use the order of the shift [ 1 ]: mod Aa —>• mod Aa as an invariant. The following result 

follows from results in m- 

Proposition 5.5. Let A^.i.t be a finite-dimensional mesh algebra with A 7 ^ Ai, A 2 ,A 3 , and p be the character¬ 
istic of the field K and tt be the Nakayama permutation on QA,i,t- Put u is the order of 'kt~^ £ Auttr QA,i,t- 
Then the minimal integer i > 1 such that [i]: mod Aa ;/ —> mod Aa 77 is isomorphic to the identity functor (as 
additive functors) is 3u if p = 2, and lcm(3?.t, 2) if p ^ 2. 

Proof. For a simple A-module S, the condition S'[i] = 5 in mod A implies i G 3Z (see Proposition 13.3L due 
to Z\ 7 ^ Ai,A 2 . Thus [i] is not isomorphic to the identity on mod A ii i ^ 3Z. Let i £ dZ. Proposition 
13.31 111 means that the 3rd syzygy of AA,i,t as a A-A-bimodule is isomorphic to a twisted bimodule i{AA,i,t)ii, 
where ^ is a IF-algebra automorphism on AA,i,t- By the assumption A 7 ^ Ai, A 2 , A 3 and |AS1 Lemma 5.11], 
[i] = (? ( 8)1 {AA,i,t)^i/ 3 ) is isomorphic to the identity functor on mod A if and only if (? (81 {AA,i,t)^i/ 3 ) is 
isomorphic to the identity functor on mod A. From |AS1 Theorem 5.10], the minimal such i satisfying the latter 
condition is 3m if p = 2, and 1cm (3m, 2) if p 7 ^ 2. The assertion is proved. □ 
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{A,l,t) 

subtype 

condition 

Z 

Z/2Z 

other 

(e) 

(f) 

{An,k,l) 

I-l 

r G 2Z, d = 1 

{nd-3d + 2)/2 



6 q 

d 

(n > 4) 

1-2 

r G 2Z, d ^ 1 

{nd-M + 2)/2 

d- 1 


6 q 

d 


1-3 

r i2Z 

{nd-2d + 2)/2 



6 q 

d 

(H„, 2 fc, 2 ) 

II-1 

r G dZ, d = 1 

{nd — id)/2 


Z/AZ 

6 q 

2 d 

(n = 5,7,...) 

II-2 

T G dZ, d ^ 1 

{nd — 3d)/2 

d- 1 

Z/AZ 

6 q 

2 d 


II-3 

r G 2 -1- 4Z 


nd — 2d -I- 1 


6 q {iq) 

2d {Ad) 


II-4 

r ^ 4Z 

(nd — d)/4 



12 q 

d 

{Dn,k, 1) 

IV-1 

k G 2Z, r = 2 

d- 1 

nd — 3d -|- 1 


6 q 

d 


IV-2 

k G 2Z, r = 4,6,... 

d- 1 

nd — id 

Z/rZ 

6 q 

d 


IV-3 

fc G 2Z, r = 1 

1 

1 



6 q 

d 


IV-4 

k G 2Z, r = 3, 5,... 

1 

1 


Z/rZ 

6 q 

d 


IV-5 

fc ^ 2Z, r G 4Z 

d 

nd — id 


6 q 

d 


IV -6 

fc ^ 2Z, r ^ 4Z 


nd — d — 1 


6 q {iq) 

d {2d) 

{Dn,2k,2) 

V-1 

k G 2Z, r € AZ 

d 

nd — id 


6 q 

2 d 


V-2 

k G 2Z, r €2 +AZ 


nd — d — 1 


6 q {iq) 

2d {Ad) 


V-3 

k G 2Z, r ^2Z 

{nd — 2 d )/2 



I2q 

d 


V-4 

k^2Z,r = 2 

d- 1 

nd — 3d -I- 1 


6 q 

2 d 


V-5 

k ^ 2 Z, r ^ 2 , d ^ 1 

d- 1 

nd — id 

Z/rZ 

6 q 

2 d 


V -6 

fc ^ 2 Z, d = 1 


nd — id 

Z/rZ 

6 q 

2 d 


Table 3. The subtypes and the invariants 


Let be type I, II, IV, or V. Moreover, let c be the Coxeter number oi A, k = l/t, d = gcd(c, fc), 

r = cjd, and q = k/d. We divide types I, II, IV, V into subtypes shown in Table |31 We consider the following 
invariants in Tabled 

(d) The Grothendieck group Kn( m.od Aa i A. The columns “Z”, “Z/2Z'”, and “other” indicate the multi¬ 
plicity of Z, Z f2Z, and the other direct summands of Kni uiod Aa i A. Here, the values of the nonempty 
cells are positive fTheorem ll.il) . 

(e) The order of the shift [1] on modH/i^j^i up to functorial isomorphisms as additive functors (Proposition 

[? 3 |) . 

(f) The quotient (a)/(e). 

The invariants (e) and (f) sometimes depend on the characteristic of K. In fact if K has characteristic 2, 
then these invariants are written inside of parentheses. 

The remaining cases in our proof of Proposition 15.21 are shown by the following lemma. 

Lemma 5.6. Assume t/iat modyl/i^;_t = mod yl/\> ;> t' with A, A' ^ {Hi,H 2 ,H 3 }. If {A',1',t') is type I, II, IV, 
or V, then {A,l,t) is the same type as (A',l',t'). 

Proof. Let c be the Coxeter number oi A, k = l/t, d = gcd(c, k), r = c/d, and c' be the Coxeter number of A', 
k' = V/t', d' = gcd(c', k'), r' = P/d/. 

(1) If {A,l,t) is type I and {A',V,t') is type II, comparing (d), there are only two possibilities. 

(1-1: I-l and II-4) We have 1 = d = d' from (f), and substituting it for (d), we have (n — l)/2 = [n' — l)/4 
and thus n' = 2n — 1. Substituting it for (c), we can deduce n{n — l)/2 = {2n — l){2n — 2)/4, but there exists 
no such n > 4. 

(1-2: 1-3 and II-4) We have d = d' from (f), and substituting it for (d), we have {nd — 2d + 2)/2 = {n'd — d)/d 
and thus d{n' — 2n -I- 3) = 4. Because n' ^ 2Z, we have {d, n') = (2, 2n — 1), (1, 2n -|- 1). If (d, n') = (2, 2n — 1), 
we can deduce n{n — l)/2 = (2n — l)(2n — 2)/4 from (c), but there exists no such n > 4. If (d, n') = (1, 2n + 1), 
we can deduce n{n — l)/2 = {2n + l)(2n)/4 from (c), but there exists no such n > 4. 

(2) If {A,l,t) is type I and {A',l',t') is type IV, comparing (d), there are only four possibilities. 

(2-1: I-l and IV-3) We have 1 = d = d' = 2n' — 2 from (f), a contradiction. 

(2-2: 1-2 and IV-1) We have d = d' from (f), and substituting it for (d), we have d — 1 = n'd — 3d -I- 1 and 

thus d{n' — 4) = —2. It is a contradiction because n' > 4. 

(2-3: T2 and IV-5) We have d = d' from (f), and substituting it for (d), we have d — 1 = n'd — 3d and thus 
d{n' — 4) = — 1. It is a contradiction because n' > 4. 

(2-4: 1-3 and IV-3) We have d = d' = 2n'—2 from (f), and substituting d = d' for (d), we have (nd—2d-|-2)/2 = 

{n'd — d — 2)/2 and thus d{n' — n -|- 1) = 4. It is a contradiction because d = d' = 2n' — 2 > 6 . 
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(3) If (Z\, I, t) is type I and {A', V,t') is type V, comparing (c), we have n{n — l)/2 = n'(n' — 2)/2. It is easy 
to see that (n — 1)^ < n{n — I) < and that {n' — 2)^ < n'(n' — 2) < {n' — I)^, thus it is necessary that 
n = n' — 1. Substituting it for (c), we have (n' — I)(n' — 2) = n'{n' — 2). It is a contradiction because n' > 4. 

(4) If {A, I, t) is type II and (Z\', I', t') is type IV, comparing (c), we have n{n — I)/4 = n'{n' — 2). It is easy 
to see that (n — 1)^ < n(n — I) < and that (2n' — 3)^ < 4n'(n' — 2) < (2n' — 2)^ because n' > 4, thus it is 
necessary that n = 2n' — 2. Substituting it for (c), we have (2n' —2)(2n' —3)/4 = n'{n' — 2). It is a contradiction 
because n' > 4. 

(5) If {A,l,t) is type II and {A',V,t') is type V, comparing (d), there are only three possibilities. 

(5-1: II-2 and V-5 with r' = 4) We have d = d! from (f), and substituting it for (d), we have d—l = n'd — 3d 
and thus d{n' — 4) = —1. It is a contradiction because n' > 4. 

(5-2: II-3 and V-2) We have d = d' G 2Z from (f), and substituting it for (d), we have nd — 2d+l = n'd — d—1 
and thus d{n' — n + 1) = 2. Because d G 2Z, we have d = 2 and n' = n. Substituting it for (c), we can deduce 
n{n — l)/4 = n(n — 2)/2. It is a contradiction because n = n' > A. 

(5-3: II-4 and V-3) We have d = d' from (f), and substituting it for (d), we have {nd — d)j4= {n'd — 2d)/2 
and thus n = 2n' — 3. Substituting it for (c), we can deduce {2n' — 3){2n' — 4)/4 = n'{n' — 2)/2. It is a 
contradiction because n' > 4. 

(6) If {A,l,t) is type IV and {A',l',t') is type V, comparing (d), there are only seven possibilities. 

(6-1: IV-1 and V-1) We have d = 2d' from (f), and substituting it for (d), we have 2d' — 1 = d', a contradiction 
because d' G 2Z. 

(6-2: IV-1 and V-4) We have d = 2d' from (f), and substituting it for (d), we have 2d' — 1 = d' — 1, a 
contradiction. 

(6-3: IV-2 and V-5) We have d = 2d' from (f), and substituting it for (d), we have 2d' — 1 = d' — 1, a 
contradiction. 

(6-4: IV-3 and V-3) We have 2n — 2 = d = d' from (f), and substituting d = d' for (d), we have (nd—d—2)/2 = 
(n'd — 2d)/2 and thus d(n' — n — 1) = —2. It is a contradiction because d = 2n — 2 > 6. 

(6-5: IV-5 and V-1) We have d = 2d' from (f), and substituting it for (d), we have 2d' = d', a contradiction. 

(6-6: IV-5 and V-4) We have d = 2d' from (f), and substituting it for (d), we have 2d' = d' — 1, a contradiction. 

(6-7: IV-6 and V-2) We have d = 2d' from (f), and substituting it for (d), we have 2nd' —2d' — 1 = n'd' — d' — 1 
and thus n' = 2n — 1. Substituting it for (c), we can deduce n(n — 2) = (2n — l)(2n — 3)/4, a contradiction. 

From (l)-(6), we have the assertion. □ 

Now, Proposition 15.21 follows from Lemmas 15.31 15.41 and 15.61 Consequently, Theorem 11.21 follows from 
Propositions 15.11 and 15.21 □ 
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